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6. A model of this surface was exhibited by Professor Emmons as a guide to 
the study of its properties. The ranges of x and y considered were x = 0 and 
= 0; z may vary from negative infinity to positive infinity. Various plane sec- 
tions were studied and the points of discontinuity and singularity were investi- 
gated. A system of ruled surfaces, having the given surface as an envelope, was 
set up. 

7. Given O Ag fixed radii of two circles c2, and 0;, O2 as variable centers 
of two mutually tangent circles c3, cy tangent to ¢1, ¢: respectively at Ai, Ao; 
then 0,, O2 will be the corresponding elements of a projective correspondence 
between the points of the lines 0A; and OAz. The lines 0,0, will be tangents to 
a circle c; tangent to 0A; and OA». The locus of the point of contact of circles 
€3, C4 is a circle, cs, concentric with c; and passing through A; and A». Professor 
Wester extended this result to non-concentric circles ¢;, ¢2, and special cases were 
discussed. 

B. F. Stmonson, Secretary-Treasurer. 


THE MAY MEETING OF THE KENTUCKY SECTION. 


The fifth annual meeting of the Kentucky Section of the Mathematical 
Association of America was held at the University of Kentucky, Lexington, Ky., 
on May 7, 1921. The meeting consisted of one session with Professor H. H. 
DowninG presiding. 

The attendance was eighteen, including the following six members of the 
Association: P. P. Boyd, J. M. Davis, H. H. Downing, Elizabeth LeStourgeon, 
E. L. Rees, C. H. Richardson. 

The members and guests were entertained at luncheon by Professor H. H. 
Downing, the retiring chairman of the Section. Professor C. H. RicHarpson 
was elected chairman of the Section and Professor ELizABETH LESTOURGEON, 
secretary. Upon the invitation of Professor Richardson, it was voted to hold 
the next meeting at Georgetown College. 

The following papers were presented: 

(1) “Objective measurements of results of teaching mathematics” by Pro- 
fessor J. W. BRANSON, Centre College (by invitation) ; 

(2) “Geometric proof of a theorem concerning the roots of a quartic” by 
Professor E. L. Res, University of Kentucky; 

(3) “The influence of modern trends in education upon mathematics as a 
school subject” by Mr. H. M. Yarsproucu, Western Kentucky State Normal 
School (by invitation) ; 

(4) “The need and content of a course in commercial mathematics” by Pro- 
fessor C. H. Ricnarpson, Georgetown College; 

(5) “History of arithmetic and algebra”’ (illustrated) by Dean P. P. Boyp, 
University of Kentucky. 

Abstracts of the papers and discussions follow below, the numbers corre- 
sponding to the numbers in the list of titles: 
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1. Professor Branson’s discussion was based on the assumption that prac- 
tically every teacher depends upon rather vague impressions for his estimates 
of the progress of his students, whereas he should have some well-defined standards 
for measuring results objectively. A method which was recommended was the 
analysis of each assignment into the distinct processes involved, and a record of 
the success of each student in dealing with these processes. The idea was not so 
much to determine the grade to which the student is entitled, as to determine 
what processes the student has mastered as a result of previous methods of instruc- 
tion with a view to improving those methods which produce poor results. 

2. Professor Rees gave a geometric proof of the theorem stating the conditions 
which govern the nature of the roots of the quartic equation a*+qa’+ ra+ s = 0. 
Having shown that the roots of the equation are the abscissas of the points of 


intersection of the line y = — rx and the symmetric quartic y = 2*+ q2’?+s 
and that the discriminant equals a constant times the product of the vertical 
distances from the line y = — rz to the points of tangency of the parallel tangents, 


the various cases of the theorem were then proved from diagrams exhibiting the 
different forms and positions of the quartic curve. 

3. In the opinion of Mr. Yarbrough, the modern tendency to over-emphasize 
the so-called practical and the vocational in education leads to an indifferent 
attitude on the part of the student toward any mathematics that does not seem 
to him to be capable of functioning directly in his everyday life. The student is 
not encouraged to strive for intellectual training and achievement, but rather to 
strive for industrial efficiency alone, and this is held up to him as an ideal of 
education. Since only the more elementary branches of mathematics are essen- 
tial to the average individual, the average student sees no value in the subject 
and hence his work is mediocre in character. The current system of measuring 
the student’s progress by credit leads the student to regard “units” and “hours” 
rather than mental achievement as a measure of his education. As a result he 
elects those subjects in which he can obtain the maximum amount of credit by 
a minimum expenditure of effort. In order to secure interested and efficient 
work, teachers of mathematics must find some way to lead the student to appre- 
ciate the cultural as well as the practical value of mathematics. 

4. Professor Richardson showed that there is a growing recognition on the 
part of leading financiers and bankers of the need for an understanding of the 
mathematical theory underlying their work; that in the actuarial field this is 
particularly true. He indicated how the mathematics departments of colleges 
might take advantage of this opportunity, and outlined a course in commercial 
mathematics which would be of advantage not only for the classes specified but 
to those entering upon other than commercial pursuits. 

5. Dean Boyd gave an outline statement of the achievements of the Egyptians, 
the Babylonians, the Greeks, the Hindus, the Arabs and the Christian Europeans 
up to the time of Descartes. Illustrations of ancient methods and problems and 
some idea of the progress of mathematical thought were given. Among many 
slides shown were a number picturing pages from famous manuscripts. 

EuizaABETH LESTOURGEON, Secretary. 
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THE MAY MEETING OF THE MARYLAND-VIRGINIA-DISTRICT OF 
COLUMBIA SECTION. 


The ninth regular meeting of the Maryland-Virginia-District of Columbia 
Section of the Mathematical Association of America was held in the Drafting 
Hall of the U. S. Capitol, Washington, D. C., on May 7, 1921. The meeting 
consisted of two sessions with Professor L. S. Hulburt presiding. 

The attendance was fifty-five including the following thirty-four members of 
the Association: O. S. Adams, J. J. Arnaud, R. N. Ashmun, H. G. Avers, Sarah 
Beall, A. A. Bennett, G. A. Bingley, C. C. Bramble, P. Capron, A. Cohen, G. H. 
Cresse, F. W. Darling, L. S. Dederick, A. Dillingham, H. English, J. B. Eppes, 
A. Hall, W. M. Hamilton, W. E. Heal, L. S. Hulburt, W. D. Lambert, A. E. 
Landry, J. J. Luck, E. S. Mayer, L. N. Morscher, C. A. Mourhess, F. D. Mur- 
naghan, J. R. Musselman, O. J. Ramler, C. H. Rawlins, Jr., R. E. Root, C. A. 
Shook, T. MeN. Simpson, Jr., C. E. Van Orstrand. 

A luncheon was served to the members and their guests by the Coast and 
Geodetic Survey and the International (Canadian) Boundary Commission. 
Action was taken authorizing the secretary-treasurer to prepare an amendment 
to the constitution giving Virginia representation on the executive committee, 
this amendment to be submitted to the members of the Section for final action 
at the next meeting. The following officers were elected for 1921-1922: O. S. 
Apams, Chairman; G. R. CLEMENTs, Secretary-treasurer; F. D. MuRNAGHAN, 
Member of the executive committee. 

The next meeting will be held at Johns Hopkins University, Baltimore, Md., 
probably early in December. 

The following papers were presented: 

(1) Address of welcome by Colonel E. L. Jones, Director, United States 
Coast and Geodetic Survey; 

(2) “Relations between the metric and projective theories of curves” by 
Professor T. MeN. Stupson, Jr., Randolph-Macon College, Ashland. 

(3) “Shearing stress in thick cylinders” by Professor R. E. Root, U. S. Naval 
Academy ; 

(4) “Mechanical prediction of tides” by Mr. W. D. LAMBERT, Coast and 
Geodetic Survey; 

(5) “Suggestions as to improvements in text-books on mathematics” by 
Professor ANGELO Hatt, U.S. Naval Academy; 

(6) “A geometrical problem in maxima and minima” by Professor F. D. 
Mournacuan, Johns Hopkins University; 

(7) “On Fermat’s last theorem” by Mr. W. E. HEAL, Coast and Geodetic 
Survey; 

(8) “An arithmetical study of regular solids” by Doctor G. H. Cresse, U.S. 
Naval Academy; 

(9) “An elementary method of computing logarithms” by Professor L. S. 
Deperick, U.S. Naval Academy; 
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(10) “A note on the history of non-euclidean geometry” by Professor ABRA- 
HAM CoHEN, Johns Hopkins University; 

(11) “Imaginary points in geometry” by Professor A. A. BENNETT, Technical 
Staff, Army Ordnance. 

Abstracts of papers numbered in accordance with the above list of titles are 
given below. 

2. Professor Wilezynski has developed a convenient machinery for the study 
of projective differential properties of plane and space curves by the use of 
linear differential equations of the third and fourth order respectively. He has 
also shown that specialization of the variables employed and of the transforma- 
tions permitted, makes it possible to secure metric results in a similar manner. 
Professor Simpson undertook briefly to indicate the method of Professor Wilezyn- 
ski and to give some metric results obtained by developing it in the case of space 
curves defined by their intrinsic equations. He considered a number of osculants 
of space curves and suggested how they might be regarded as images of the radii 
of curvature and torsion and their derivatives. His results are published in a 
paper issued by the University of Chicago libraries. 

3. Professor Root discussed the stresses and strains in thick cylinders, par- 
ticularly under conditions present in gun tubes. The usual theory is based on a 
thick, hollow, right circular cylinder, with uniform external and internal pressure, 
and with uniform normal stress on the ends. The stress distribution at a trans- 
verse section is expressed by two fundamental equations known as Lamé’s laws. 
Professor Root raised a question as to the application of these laws in the presence 
of such varying pressures as are produced in built-up guns. He showed that if 
internal and external pressure vary uniformly from one end of the cylinder to the 
other, then the stress distribution at any transverse section is given by Lamé’s 
laws. Otherwise, these laws do not hold, the normal stress is not uniform over 
the section and shearing stress is present, radial on transverse planes and longi- 
tudinal on tangential planes. 

4. Mr. Lambert’s paper on the mechanical prediction of tides gave a brief 
account of the principles underlying the harmonic analysis of tidal data and of 
the two tide-predicting machines of the Coast and Geodetic Survey, which were 
exhibited later in the day to those attending the meeting. The height of the 
tide is expressed as the sum of a series of terms of the form A cos (at + a), where 
t is the time from the beginning of the year for which predictions are to be made; 
the quantity a, called the “speed,” is obtained from astronomical considerations; 
the quantities A and a, the former being the amplitude of the component oscilla- 
tion and the latter its phase at the beginning of the year of prediction, are ob- 
tained for any given port from a discussion of the observations there by the 
methods of the harmonic analysis. The tide-predicting machines sum these 
cosine terms mechanically. The smaller or Ferrel machine, now no longer used, 
is said to do the work of about 40 computers. The larger machine provides 
for nearly twice as many cosine terms as the Ferrel machine and gives the time- 
derivative of the heights as well as the heights themselves, thus indicating—by 
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the zero values of the derivative—the exact times of high or low water. The 
larger machine may be said to do the work of from 80 to 100 computers. 

5. The many failures to pass the examinations in arithmetic, algebra, and 
plane geometry, for entrance to the Naval Academy, show the low standards of 
mathematical study obtained in our high schools. Professor Hall suggested three 
remedies: (a) the weeding out of incompetent pupils, (b) the securing of good 
teachers, and (c) the improvement of text-books. 

6. Dr. Murnaghan discussed the problem of the determination of the points 
in space the sum of whose distances, taken positively or negatively, from the four 
vertices of a tetrahedron is a minimum (Fermat). If tetrahedral coérdinates are 
used, and we avail ourselves of the focal transformation y = 1/x, there are eight 
Fermat points y corresponding to the eight intersections of the three quadrics 
ae? + = x3? + xy + etc., where is the cosine of the 
internal dihedral angle between the faces r and s of the tetrahedron. The points 
x are such that their pedal tetrahedra have opposite edges equal, i.e., have con- 
gruent faces. In the plane Fermat problem (cf. this Montuiy, 1920, 38-41) 
there are two points y and two points x; these latter are the Hessian points whose 
pedal triangles are equilateral. Reference is made to a forthcoming paper by 
C. M. Sparrow in the American Journal of Mathematics. 

7. Mr. Heal’s paper gave a short review of various methods that have been 
proposed for the demonstration of the theorem, paying particular attention to 
that of Kummer and expressing the belief that this method cannot lead to a 
general demonstration. Other methods were suggested as possible for leading 
to a solution of the problem. 

8. Dr. Cresse obtained the number of vertices of a regular polyhedron by 
comparing the two following expressions for the sum of the face angles: (_V — 2)2z, 
which holds for all polyhedrons, and V -f-(s — 2)/s-a, which holds for a regular 
polyhedron, in which f faces each having s sides meet in each vertex. The multi- 
plicity of the other elements follows at once. Similarly, in 4-space, the ratio of 
V to E for a regular polyhedroid is obtained by comparing two independent 
expressions for 2P — 22D, where P is the magnitude in spherical degrees of 
each polyhedral angle and D is the magnitude in circular degrees of each dihedral 
angle of the bounding polyhedron. The multiplicity of all the other elements 
in terms of V follows at once for the six regular polyhedroids of 4-space. 

9. The purpose of Professor Dederick’s paper was to present a method of 
computing the common logarithm of any number to the base 10, which is suffi- 
ciently elementary to be easily intelligible to a student just taking up the study 
of logarithms. The method is based solely on the property of a logarithm as an 
exponent of 10 and involves nothing more advanced than the binomial theorem 
for positive integral exponents. 

10. Professor Cohen reviewed a recent book by Dr. G. B. Halsted (1921, 
28-30). Easy access to this work will now enable one better to estimate the place 
which Saccheri deserves to occupy in the history of the development of non- 
euclidean geometry. 
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11. Professor Bennett sketched briefly some of the reasons which have led 
to the introduction of imaginary points into geometry. He then showed that 
for some purposes a “complex” point, where the coédrdinates are complex numbers 
of algebra, is not the only convenient generalization beyond the set of real points 
of space. Another generalization involving a special class of square matrices 
with quaternionic elements satisfies the usual vectorial requirements, and may 
be used to define a “space” in which the notion of distance continues to have its 
characteristic properties. The “real” points of such a space constitute an 
ordinary real space, so that one may interpret familiar geometric loci as having 
not only real points but further points in such a generalized space. 

O. S. Apams, Secretary-Treasurer. 


THE JUNE MEETING OF THE MINNESOTA SECTION. 


The regular meeting of the Minnesota Section was held at the College of Saint 
Thomas, St. Paul, Minn., on Saturday, June 4. The attendance was twenty-one, 
including the following thirteen members of the Association: 

R. M. Barton, W. O. Beal, W. H. Bussey, H. H. Dalaker, Gladys Gibbens, 
W. L. Hart, Dunham Jackson, R. A. Johnson, Arvid Reuterdahl, Minna Schick, 
F. J. Taylor, Ella Thorp, Vera L. Wright. 

Dinner was served at six o’clock with the College of Saint Thomas as host. 
At a business meeting which followed the following officers were elected: Chair- 
man, Professor REUTERDAHL; Secretary-treasurer, Professor BARTON; Members 
of the executive committee, Professor DALAKER, Miss G1BBENs, Professor C. H. 
GinericuH. The report of the Secretary-treasurer was approved as presented. 

The following papers were presented: 

(1) “Mathematical induction” by Professor W. H. Bussry, University of 
Minnesota. 

(2) “Constructions with ruler and circular disk” by Professor R. A. JOHNSON, 
Hamline University. 

(3) “Some problems in medicine which the mathematician must solve” by 
Dr. R. E. Scammon, University of Minnesota (by invitation). 

Abstracts of the papers follow below, the numbers corresponding to the 
numbers in the list of titles. 

1. Ordinary mathematical induction may be described briefly as an argument 
from n ton+ 1. Professor Bussey’s note called attention to some generaliza- 
tions of ordinary mathematical induction of which the most simple may be 
described as an argument from n and n+ 1 together to n + 2. 

2. Professor Johnson discussed the somewhat well-known proposition that 
all constructions which can be effected with ruler and compasses are possible 
with a ruler and a circular disk whose center is not given. 

.3. Dr. Scammon indicated how the applications of mathematics to the 
problems of the medical sciences may be divided roughly in two classes. Of 
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these the first are the applications which come through extension of the mathe- 
matical solutions of problems in physics and chemistry to similar problems in 
biology. Examples of this class are the application of the mathematical laws 
of hydrodynamics to problems of hemodynamics, of mathematical optics to 
problems of physiologic optics, and of the various mathematical expressions for 
stress and strain to problems of muscle and bone mechanics. This phase of the 
application of mathematics is of long standing in medicine, having developed in 
the latter part of the seventeenth century. The second class of applications 
arose primarily through the attempt to reduce the highly variable data of medi- 
cine to some form of graphic or numerical expression. This is a more recent 
development since the collection of precise medical data (other than experimental 
records and vital statistics) practically began with the work of Louis in the early 
part of the nineteenth century. The mathematical treatment of this data was 
first attempted by Gavarret and Quetelet a little later. The modern development 
of this phase has proceeded mainly along the lines laid down by Galton and Karl 
Pearson. Among the problems in this field at the present time are the applica- 
tion of the mathematical principles of variation and correlation to a large and 
varied mass of biologic data, and the development of suitable methods of curve 
fitting, codrdinate analysis and establishment of empirical formule for this type 
of material. 
R. M. Barton, Secretary-Treasurer. 


GRAPHICAL SOLUTIONS OF THE QUADRATIC, CUBIC, AND 
BIQUADRATIC EQUATIONS. 


By T. R. RUNNING, University of Michigan. 


Graphical solutions of e~ations may in general be divided into two classes. 
One class consists of geometrical constructions for each particular equation. 
The constructions depend upon the numerical values of the coefficients. Any 
such construction which will give the roots of an equation with a given set of 
coefficients must be changed for any equation having a different set of coefficients. 
The other class consists of charts or diagrams from which the roots are read when 
the coefficients or combinations of them are used as codrdinates. 

In what follows the solutions are given by means of charts. Such charts are 
made up of straight lines and curves from which the roots (both real and imagi- 
nary) are read approximately. 

There are many such graphical solutions for the real roots of the simpler 
algebraic equations, but, so far as the writer is aware, the imaginary roots are 
obtained only by geometric constructions for each particular equation.! Such 


1 A few references are as follows: 
Klein, Vortrdge tiber ausgewdhlte Fragen der Elementargeometrie, 1895, pp. 28-31; in Beman and 
Smith’s translation, p. 34. 
d’Ocagne, Traité de Nomographie, 1899. 
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constructions are usually tedious to carry out when a number of equations are 
to be solved. 

A single chart will suffice for the solution of the quadratic equation, another 
for the solution of the cubic, and a combination of these two charts will give the 
roots of the biquadratic. 

Solution of the Quadratic. If in the equation 


e+ Ax+ B=0 (1) 


a value is assigned to z it will represent a straight line, the codrdinates of whose 
points are A and B. In the form 


B=-272A-2 (2) 


Encyklopdédie der mathematischen Wissenschaften, vol. 1, 1900-1904, pp. 1020-1050. 

Brand, “‘ Méthode graphique pour déterminer les racines réelles de l’équation x? + pr + q = 0,” 
L’ Enseignement Mathématique, vol. 8, 1906, pp. 443-448. 

Noaillon, “Résolution graphique de l’équation du troisiéme degré,’’ Mathesis, vol. 7, 1907, pp. 
122-125. 

Gleason, ‘‘A simple method for graphically obtaining the complex roots of a cubic equation,” 
Annals of Mathematics, second series, vol. 11, 1910, pp. 95-96. 

Lenhardt, “‘Graphische Darstellung reeler und komplexer Lésungen von Gleichungen,” Zeitschrift 
fiir mathematischen und naturwiss. Unterricht, vol. 44, 1913, pp. 116-122. 

Deming, ‘“‘A new method for the graphical solution of algebraic equations,’ Science, vol. 43, 1916, 
pp. 576-580. 

Hewes, ‘“‘ Nomograms of adjustment,” Annals of Mathematics, second series, vol. 18, 1917, pp. 194- 
199. 

[Some additional references, for the most part of an earlier date, are as follows: 

Bérard, Opuscules mathématiques et Méthodes nowvelles pour déterminer les racines des équations 
numériques, 1811, p. 33. 

Monge, “Solution graphique de l’équation du troisiéme degré,’’ Correspondance sur l’Ecole . . . 
Polytechnique, vol. 3, pp. 201-208, May, 1815. (Bérard and Monge used a cubic parabola for 
their graphical solutions.) 

Gergonne, ‘De la résolution des équations numériques du 3™* degré par la parabole ordinaire,’’ 
Annales de Mathématiques Pures et Appliquées, vol. 9, pp. 204-210, December, 1818. 

Gerono, ‘‘Note sur la construction des racines de l’équation compléte du quatriéme degré,’”’ 
Nowvelles Annales de Mathématiques, vol. 3, 1844, pp. 533-536. 

Scheffler, “‘Ueber die geometrische Construction der imaginiren Wurzeln einer Gleichung,”’ 
Archiv der Mathematik und Physik, vol. 15, 1850, pp. 375-389. 

Vieille, ‘Sur la construction des racines de l’équation du quatriéme degré par l’intersection d’une 
parabole et d’un cercle,” Nouvelles Annales de Mathématiques, vol. 16, 1857, pp. 453-456. 
Hoppe, ‘‘Construction der reellen Wurzeln einer Gleichung vierten oder dritten Grades mittelst 

einer festen Parabel,”’ Archiv der Mathematik und Physik, vol. 56, 1874, pp. 110-112. 

Hoppe, “Construction der imaginiren Wurzeln einer Gleichung vierten oder dritten Grades 
mittelst einer festen Parabel,’’ Archiv der Mathematik und Physik, vol. 69, 1883, pp. 216-218. 
(In the two papers by Hoppe the solutions are by means of a fixed parabola and a variable 
circle.) 

Hofmann, “La solution géométrique de l’équation du quatriéme degré,”’ Nowvelles Annales de 
Mathématiques, vol. 67, 1888, pp. 120-133. 

Heppel, “Quartic equations interpreted by the parabola,’’ Proceedings of the London Mathematical 
Society, vol. 22, 1891, pp. 416-423. (Extension of, and supplement to, first of Hoppe’s 
papers.) 

Phillips and Beebe, Graphic Algebra or Geometrical Interpretation of the Theory of Equations of 
one Unknown Quantity. New York, 1904. 

Irwin and Wright, “Some properties of polynomial curves,” Annals of Mathematics, second 
series, vol. 19, 1917, pp. 152-158.—Eb1rTor.] 
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it is seen that — 2 is the slope and — 2’ the intercept. Every point represented 
by (A, B) for real values of x will be the intersection of two lines. Such lines are 
drawn in Chart I and designated by the corresponding values of 2. 

As an illustration take the equation 


28x — 6= 0. 


In order to find the roots of this equation locate the point (2.8, — .6) and read the 
values corresponding to the lines passing through this point. The values are 
— 3and.2. In case that no line in the chart passes through the point interpo- 
lation is necessary. 

Imaginary roots are determined as follows: 


B= 0, 
x= —4A+ B). 


Let 44? — B= — K’, then B = 442+ K? represents a system of parabolas 
whose vertices are (0, A*), and whose axes coincide with the B-axis. These 
parabolas are drawn in Chart I and designated by the corresponding values of K, 
the coefficient of the imaginary unit 7. 

To find the roots of 


2+ 62 + 2.69 = 0. 


Locate the point (.6, 2.69) and the real part of the roots read from the top of 
Chart I is — .3, the imaginary part read from the parabola passing through the 
point is 1.612 approximately. The roots are 


— 3+ 1.610. 
The process of interpolation needs no explanation. If K = 0, that is, if 
B= 


the parabola becomes the envelope of the straight lines in the chart and forms the 
boundary between the region of real roots and the region of imaginary roots. 
This parabola is the region of equal roots. 

Solution of the Cubic. The general equation of the cubic is 


uz? + vr + w = 0. (3) 
This is reduced to a cubic lacking the term of the second degree by the substitution 
z=2+k, 
where k = — u/3. Equation (3) becomes 


1 Uv 
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1 Uv 2 
Let A = and B = w — + a7 then (4) becomes 


B=-2A-— 2. (5) 
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For given values of z equation (5) represents straight lines, the codrdinates of 
whose points are A and B. The lines represented by this equation for different 
real values of z are drawn in Chart II. The real roots of a reduced cubic are the 
numbers designating the three lines passing through the point (A, B).! 


1 The method which Professor Running employs for finding the real roots of the quadratic 
and cubic equations was given by Lalanne in 1846. See the bibliographical footnote in connection 
with J. P. Ballantine’s article, “‘A graphic solution of the cubic equation,” in this MoNnTHLY, 
1920, 203.—EbiTor. 
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Take the equation 
— 327+ 1.25¢+ 1.5 = 0. (5a) 
By the substitution z = z+ 1 this equation becomes 
2° — 1.752 + .75 = 0. (5b) 


The roots of (5b) read from Chart II are — 1.5, 1, and .5. The roots of (5a) are 
then — .5, 2, and 1.5. 
In case equation (5) has imaginary roots, the three roots are of the form 


— 2a,a+ bi, and a — bi. 


Also 
A= — 3a’, (6) 
B = 2a? + 2ab?. (7) 


From (6) 


3° 


This value of a substituted in (7) gives 


2 
B= + (40 — A), (8) 


or 


4 
— (A — — (9) 


For given values of b equation (9) represents cubic curves in A and B which 
are drawn in Chart II. For all points (A, B) along any curve the coefficient of 7 
in the imaginary roots will be constant. 

For 6 = 0 equation (9) forms the boundary between the region of imaginary 
roots and the region of all real roots. 

As an example find the roots of 


— 1.227 + 3727 — = 0. (10) 
Let x = z+ .4and (10) becomes 
2 — — .15 = 0. (10a) 


The roots would be obtained by locating the point (— .11, — .15) but since these 
coérdinates are small it is better to use an equation whose roots are four times the 
roots of (10a) and divide by four. The equation is 


2? — 1.762 — 9.6 = 0. (10b) 


The roots of this equation are 2.4, — 1.2 + 1.62, of (10a) .6, — .8+ .42, and 
therefore of (10) 1,.1+ .4¢. It is to be noted that the real part of the imaginary 
roots is one half of the negative of the real root. 
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An interesting property of the curves represented by (9), and which simplifies 
very much the process of drawing them, is the following: The segments cut off 
from the lines of real roots by the curves are proportional to the increments of b’. 
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To show this, let A;, Bi, and b; be any set of corresponding values of A, B, and b 
in (8). Then 


2 A. - 
B, = +24] — Ad). 


Give to A; and b,? the same increment K, and let Bz be the value obtained for B. 
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Then 

2 —A 

— A+ 3K), 
3 3 
| 
and B, — By = + 2K ke *= 2Ka, 
since 
by? — Ay 

a= aa 3 
If now in the equation B = — zA — 2’ the same notation is used Bj = — 2A; — 2’, 
B, = — 2A; — 2° — 2K, B. — By = — zK = 2Kaa, since the real root is — 2a. 


This shows that the increments of the ordinates of successive intersections of the 
lines representing real roots with the curves of imaginary roots are proportional 
to the increments of b? and therefore the segments are proportional to the incre- 
ments. This fact enables one to locate points on the curves very rapidly. The 
curve B? = — ;',A® (b = 0) is the envelope of the lines represented by 


B=-2A-2 


and is the discriminant of the cubic (5). 


Solution of the Biquadratic. The equation of the biquadratic is 
a+ Be?+ Cr+ D= 0. (11) 


It was said at the outset that the graphical solution of the biquadratic would be 
made to depend upon the solution of the quadratic and the cubic. The first step 
in the solution will be to factor the left hand member of (11) into two quadratic 
factors. This will be done graphically by means of Chart II together with Chart 
I. The biquadratic after factoring may be written 


(a? + ax + b)(2?+ cx + d) = 0 
(a+ (b+ d+ ac)a?+ (ad + be)x + bd = 0. 


By equating coefficients the following equations are obtained 


a+c=A, 
ad + be = C, bd = D. 


Let ac = K;, and b+d= K2; then Ki+ K.= B. From the two equations 
b+d= Kz, and bd = D, Soar, 
b = 1K,+ — 4D, 
d = — 4D. 
From the two equations a + ¢ = A, and ac = Ky, 
14 + 4Ki, 
14 


or 


(12) 


a 


c 
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Substituting the values of a, b, c, and d above in the equation 


ad + be = C, 
and remembering that K,; = B — Ko, the cubic 
K3 — BK2 + (AC — 4D)K. + 4BD — C?— = 0 (13) 


is obtained. By letting K. = z+ 3B, (13) becomes the auxiliary cubic 
(AC — 4D — 4B*)z + 3(ABC + SBD — — 3C? — 3A42D) = 0. (14) 


It is noticed that the coefficients of the auxiliary cubic (14) are obtained directly 
from the biquadratic (11) and its roots are found from Chart II. After obtaining 
the values of z, b + d is found from the relation 


It is evident from the factored form of the biquadratic that there are always 
three possible values of b+ d real or imaginary. The numerically greatest of 
the real roots will always give real values of b and d. 

Since b + d = Ko, and bd = D, it is seen that b and d are roots of 


and are found from Chart I. The values of a and ¢ are found in the same way. 
The values of a, b, c, and d must be selected so that they will satisfy the equation 
ad + be = C. 


As an example, consider the biquadratic equation 
— 32° + 52? 10=0. 
The corresponding auxiliary cubic is 
23+ 34.6672 — 48.593 = 0. 
Let z = 3w and the equation becomes 
w> + 3.85w — 1.8 = 0. 
From Chart II: w= .44, z= 1.32, Ke=b+d= 2.99, bd = — 10. From 
Chart I: b = — 2, d = 5 approximately; a = — 1, ande = — 2. 
The biquadratic then becomes 
(2? — a — 2)(2? — 22+ 5) = 0. 
Again, from Chart I, the values of 2 are 
— 1, 2, 1+ 2, and 1 — 2. 


The approximation to the roots when the coefficients are large or differ from 
one another by large numbers is illustrated by the solution of 


a! — 92° + 3,000x + 30,000 = 0. 
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The auxiliary cubic is 
2’ — 147,000z — 11,430,000 = 0. 
Let z = 200w, then 
w® — 3.675w — 1.429 = 0. 


Chart II gives w = 2.08, z = 416. Chart I gives b = 92, d = 325, a = 16.7 
e = 25.5, and zx = — 8.3 + 52, 12.8+ 132. The error in the value of z obtained 
from the chart may be several units. A good approximation for the correction 
is easily obtained algebraically. b-+ d= 417,579, bd = 30,000; therefore 
b = 325.378, d = 92.201. 


ac=0— (b+d) = —417.579, a+c=—9; therefore a= 16.424, c= —25.424. 
In the factored form the equation becomes 

(x? + 16.4242 + 92.201) (a? — 25.4242 + 325.378) = 0. 
Correct to three places of decimals 


x= — 8.212 + 4.9762, 12.712 + 12.7982. 


1321, 1471, 1521, 1571, 1621, 1671, 1721, 1771, 1821. 
By R. C. ARCHIBALD, Brown University. 


1321—Dante Alighieri (born at Florence, 1265) died at Ravenna; his Divine 
Comedy is of mathematical importance for its statement of astronomical notions 
of the time. 

1471—Albrecht Diirer (died, 1528), German painter and engraver, was born 
at Niirnberg, May 20; he was the author of various works on geometry and 
perspective, fortification, and human proportion * In his Zevttafeln zur Geschichte 
der Mathematik, Felix Miiller states! that Indian-Arabic numerals were in this 
year used for the first time in numbering leaves of a book, in Petrarch’s Liber de 
remediis utriusque fortune, published by Arnold ther Hoernen of Cologne. This 
statement is erroneous, in part at least. In the library of the Annmary Brown 
Memorial, Providence, R. I., there is a copy of Werner Rolewinck’s Sermo in 
festo presentationis . . . (“Sermon preachable on the feast of the presentation 
of the blessed virgin”) issued by the same publisher in 1470. It is paged in 
Indian-Arabic numerals half way down the right hand margins. In the printed 
catalogue of this library, prepared by A. W. Pollard of the British Museum, it 
is stated that this was the first printed book with pagination in Indian-Arabic 
numerals. The work of Petrarch mentioned above may be the second work of 
this kind. The printed catalogues of the British Museum and G. P. Winship’s 
census of incunabula in America do not list a 1471 edition of this work of Petrarch 


"1 The same statement occurs in F. Unger, Die Methodik der Praktischen Arithmetik in His- 
torischer Entwickelung, Leipzig, 1888, p. 16; and in J. Tropfke, Geschichte der Elementar-Mathe- 
matik, 2. Auflage, Berlin und Leipzig, 1921, p. 26. 
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unless it is an abridgment by Adrianus the Carthusian that is referred to. This 
question will elsewhere be discussed in detail by the writer. 

1521—First edition of Francesco Ghaligai’s Summa de Arithmetica published 
at Florence (compare Riccardi, cols. 499-502) * Second edition of Anton Bar- 
tholomeo di Paxi’s Tariffa de Pexi e Mesvre, published at Venice (first edition, 
1503), is of especial interest in the history of commerce * The Cambridge Uni- 
versity Press published its first books. 

1571—Adriaen Metius (Anthonisz), Dutch mathematician, was born at Metz 
(whence the name Metius—Cantor), December 9; author of nine minor works 
on mathematics and astronomy, 1591-1633 (Poggendorff), including Opera arith- 
metica et geometrica, Amsterdam, 1625 * Johann Kepler, noted astronomer and 
mathematician, was born in Wiirttemberg, December 27 * Jacques Besson, 
who was professor of mathematics at Orléans about 1570, published, at Galiot 
du Pré, the little pamphlet Description et Usaige du Compas Euclidien, contenant 
la plus-part des Observations qui se font en la Geometrie, Perspective, Astronome, 
et Corographie * First edition published of Leonard Digges’s excessively rare 
A Geometrical Practise, named Pantometria, divided into three Bookes, Longimetra, 
Planimetra, and Stereometria, containing Rules manifolde for mensuration of all 
lines, Superficies, and Solides: with sundry straunge conclusions both by instrument 
and without, and also by Perspective glasses, to set forth the true description or exact 
plat of an whole Region: framed by Leonard Digges, lately finished by Thomas 
Digges his sonne. .. . De Morgan recorded that in this book he found the 
earliest printed mention of the word “theodolite.” The derivation of this word 
is unknown, and the derivation sometimes given in connection with corruptions 
of Arabic words is absurd (New English Dictionary). Tycho Brahe regarded 
Thomas Digges (died, 1595) as one of the greatest geniuses of that time (Letters 
illustrative of the Progress of Science in England, edited by Halliwell, pp. 6, 33.) 

1621—Thomas Harriot (born at Oxford, England, 1560), died near Isleworth, 
July 2; his chief work Artis analytice prazis, not printed till 1631, was “in- 
comparably the best work on algebra and the theory of equations which had then 
been published” (Ball, History of the Study of Mathematics at Cambridge; but 
see Cantor, vol. 2, second edition, p. 790) * Claude Gaspar Bachet de Méziriac, 
French mathematician, especially widely known for his Problemes Plaisans et 
delectables (first edition, 1612, in Harvard University Library), published at 
Paris his Latin translation, with commentary, of the Greek text of the arithmetic 
of Diophantus * Johannes Bentz, of Ulm, published at Kempten what he 
claims to be the first treatise in German on the theory of numbers: Manuductio 
ad Numerum Geometricum: Kurtze wol gegriindte Anfiihrung zu Erkandtnuss der 


Natur ond Eygenschafften allerhand Arten der figurierten oder geometrischen Zahlen; 


. * Published at Paris, Denis Henrion’s Collection ou Recueil de divers Traictez 
Mathematiques, & scavoir, d’Arithmetique, d’Algebre, de la Solution de divers 
Problemes et Questions, tant geometriques qu’astronomiques, plusieurs Moyens pour 
mesurer toutes Sortes de Quantitez . . . * Published at Hanover, Bartholomeus 


1 The first printed work to use our ordinary signs for “less than” and “greater than.” 7 
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Keckermann’s Systema Compendiosum totius Mathematices, hoc est, Geometrie, 
Optice, Astronomie et Geographie ... * Prelectiones tresdecim in principivm 
Elementorvm Evclides, Oxonii habite. M.DC.XX by Sir Henry Savile, published 
at Oxford; in 1619 Sir Henry founded at Oxford University a chair of geometry, 
later filled by such men as Briggs, Wallis, Halley, and Sylvester—Hardy is the 
present incumbent *« Instrument pour construire sur le papier les sections coniques, 
by Carlo Ladroni (compare Murhard, Litteratur der mathematischen Wiss., vol. 3, 
p. 278) was published at Turin. 

1671—John Keill, Savilian professor of astronomy at Oxford, 1708-1721, and 
prominent in the Newton-Leibniz controversy, was born at Edinburgh, December 
1. In 1715 he published at Oxford an anonymous work: Trigonometrie Plane & 
Spherice Elementa item de Natura et Arithmetica Logarithmorum Tractatus brevis 
(76 pages) * Albert Curtz, Bavarian Jesuit teacher of philosophy and mathe- 
matics, died December 19 * Jan de Witt (1625-1672) published at the Hague a 
Dutch tract (translated into English, 1852) of interest in the history of insurance! 
* Isaac Newton (1643-1727) wrote his notable memoir “ Methodus fluxionum 
et serierum infinitorum,” first published in English translation, by John Colson, 
in 1736 * Published at London the third part of “one of the classics of me- 
chanics,” John Wallis’s Mechanica: sive, de Motu, Tractatus Geometricus. Pars 
III. in qua, de Vecte, de Axe in Paritrochio, de Trochled, de Cochled, de Motibus 
Compositis, de Percussione, de Cuneo, ... . 

1721—Lorenzo Lorenzini (born, 1652), a pupil of Viviani, died April 24. 
While in prison, where for political reasons he was confined for twenty years, he 
wrote the following work, published at Florence in the year of his death: Ezerci- 
tatio geometrica: in qua agitur de Dimensioni omnium Conicarum Sectionum, 
Curvae Parabolicae, Curveque Superficiet Conoidis Parabolici, . . . * John Keill 
(see above) died September 1 * Published at London, the “6th Edition, much 
inlarg’d,” of Henry Philipps’s The Purchaser’s Pattern, shewing the true Value of 
Land or Houses, by Lease or otherwise . . . also Tables of Interest and Rebate at 
6 per Cent.; the Measuring of Land, Board, and Timber, and the False Methods 
us’d by many therein. Also the Art of Gauging much enlarg’d with many other 
Rules about Weights and Measures, Tables of the Excise of Beer and Ale, Tables of 
Accounts, etc., etc. * Published at London, the third edition of John Hill’s 
Arithmetick both in Theory and Practice, made Plain and Easie, with Interest and 
Annuities, Extraction of the Square and Cube Roots, the Tables and Construction 
of Logarithms, Arithmetical and Geometrical Progression, etc., ete. In his Arith- 
metic Books, De Morgan refers to this as “a book of much celebrity.” 

1771—Jean Jacques d’Ortous de Mairan (born, 1678), mathematical physicist 
and secretary of the French Academy, died February 20 * Joseph Diez Gergonne 
(died, 1859), founder and editor of Annales de Mathématiques Pures et Appliquées 
(July 1810-August 1831), born at Nancy, France, June 19. He was the author 

1 An interesting sketch of “John De Wit” and his work may be found in The Insurance 


Cyclopedia being a Dictionary of the definitions of terms ...a Biographical Summary. . ., 
London, volume 2, 1873. 
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of numerous mathematical papers * Jéns Svanberg, for thirty years professor 
of mathematics at the University of Upsala, was born July 6 * Jean Baptiste 
Cochet, rector of the University of Paris, died July 8. He was the author of La 
clef des Sciences et des beaux-arts, ou la logique (Paris, 1750), and translator of P. 
Varignon’s Eléments de Mathématiques (Paris, 1731)* First paper by John 
Landen (1719-1790) on elliptic transcendents (published in the Philosophical 
Transactions): “A disquisition concerning certain fluents which are assignable 
by the arcs of the conic sections; where are investigated some new and useful 
theorems for computing the fluents” * Notable memoir “De aequationibus 
quadrato-cubicis disquisitio analytica” by G. Malfatti (1731-1807) published 
(Atti di Siena, vol. 4). Also the year in which Malfatti was appointed professor 
of mathematics at the University of Ferrara * Dioptricae pars tertia by Leonhard 
Euler (1707-1783), published at Petrograd (reprinted in Leonhardi Euleri Opera 
Omnia, 1912). Second eflition of Euler’s Vollstindige Anleitung zur Algebra, 
Erster teil, published (first edition, 1770; last edition, Opera Omnia, 1911) 
* Published in London, Edward Noble’s The Elements of Linear Perspective, 
demonstrated by Geometrical Principles; with Introduction, containing so much of 
the Elements of Geometry as will render the whole Rationale of Perspective intelligible 
without any previous Mathematical Knowledge * Published in Madrid, the first 
edition of Don Jorge Juan’s Examen Maritimo Theérico Prédctico, 6 Tratado de 
Mechanica aplicado é la Construccion, Conscimiento y Manejo de les Navios y 
demas Embarcaciones (French edition, 1783) * Published at Leipzig, G. H. 
Bortz’s quarto pamphlet, De Forma Radicum ex Aequationibus Quadraticis et 
simili, quam Culbicae per Methodum Cardani obtinent *« Published at Chester, 
England, Arthur Burns’s Geodesia Improved; or a New and Correct Method of 
Surveying made exceedingly easy, with Appendix concerning the practical Methods 
of measuring Timber, Hay, Marl Pits, Bricklayers and Plaisterers Work * Trans- 
actions of the American Philosophical Society, volume 1, published. 
1821—Heinrich Edward Heine (died, 1881), for many years professor of 
mathematics in the University of Halle, and author of Handbuch der Kugel- 
functionen (1861; second edition 1881), was born March 15 * Richard Townsend 
(died, 1884), for fourteen years professor of natural philosophy in Trinity College, 
Dublin, and author of Modern Geometry of the Point, Line and Circle (1863-65; 
second edition 1878-81), was born April 30 * Prince Baldassare Boncompagni 
(died, 1894), founder, editor, and publisher of Bullettino di bibliografia e di storia 
delle scienze matematiche e fisiche (Rome, 1868-1887), was born May 10. He 
was also the editor of numerous mathematical works, and the author of many 
papers * Noted Russian mathematician, Pafnouty Livovitch Tchébychef (died, 
1894), of the University of Petrograd, was born May 14 * August Nagel, pro- 
fessor of geodesy in the Dresden polytechnic school, was born May 17 * Karl 
Culmann (died, 1881), professor in the Ziirich polytechnic school, was born 
July 10. He has been referred to as the “founder of graphical statics” * Jacob 
Heinrich Karl Durége (died, 1893), professor in the polytechnic schools of Ziirich 
and Prague, was born July 13. G. E. Fisher and I. J. Schwatt translated into 
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English the fourth German edition of his Elements of the Theory of Functions of 
a Complex Variable (Philadelphia, 1896) * Anton Winckler (died, 1892), pro- 
fessor of higher mathematics in the polytechnic school of Vienna, was born 
August 3 * Wilhelm Johann Otto Ligowski (died, 1893), teacher of mathematics 
in the marine academy and marine school of Kiel, was born August 10. He is 
the author of Tafeln der Hyperbelfunctionen und der Kreisfunctionen (Berlin, 
1890), and of Sammlung fiinfstelliger logarithmischer, trigonometrischer und 
nautischer Tafeln nebst Erklirungen und Formeln der Astronomie (Kiel, 1873; 
fourth edition, Berlin, 1900) * The celebrated English mathematician Arthur 
Cayley (died, 1895) was born August 16. He was a prolific author cf mathe- 
matical memoirs + The noted German physicist, Hermann Ludwig Ferdinand 
Helmholtz (died, 1894), was born August 31 * First number of the Astronom- 
ische Nachrichten published in September * Franz Friedrich Ernst Briinnow 
(died, 1891), German astronomer, was born November 18. He was director of 
the observatory at Ann Arbor, Mich., 1854-1864, professor of astronomy at the 
University of Dublin and astronomer royal for Ireland, 1865-1874 * Astronom- 
ical observatory at Cape of Good Hope founded *« Samuel Vince, Plumian 
professor of astronomy and experimental philosophy at Cambridge University, 
1796-1821, died. He was the author of several books including The Elements of 
Conic Sections (1781), and A Treatise on Plane and Spherical Trigonometry (1800) 
* Cours d’analyse de l’Ecole Polytechnique, prémiere partie, by A. L. Cauchy 
(1789-1857), was published; no other part appeared + Published at Rome, 
Abate Pietro Franchini’s Saggio sulla Storia delle Matematiche, corredato di scelte 
Notizie Biografiche, volume 1 * Published at Mainz, second enlarged edition of 
J. J. I. Hoffmann’s Der Pythagorische Lehrsatz, mit 32 theils bekannten, theils 
neuen Beweisen versehen * Published at London, Elementary Illustrations of the 
Celestial Mechanics of Laplace, Part I, by Thomas Young (1773-1829), one of the 
“most eminent physicists of his time” * Published at Edinburgh, Sir John 
Leslie’s Geometrical Analysis, and the Geometry of Curve Lines, being volume 
second of a course of Mathematics, and designed as an Introduction to the Study of 
Natural Philosophy. This work was a development of part of Elements of 
Geometry, Geometrical Analysis and Plane Trigonometry, with an Appendix, Notes, 
and Illustratious, Edinburgh, 1809 (second edition, 1811; French translation, 
edited by Hachette, 1818) * Published at Haarlem, James Lockhart’s Leerwijze 
om den Cubik-Wortel uit alle Getallen te trekken. 


SOME ARITHMETIC OPERATIONS WITH TRANSFINITE ORDINALS. 
By ALBERT A. BENNETT, University of Texas. 


(Read before the Maryland-Virginia-District of Columbia Section of the Mathematical Association 
of America, December 11, 1920.) 


If we write out the first few non-negative integers in order of increasing 
magnitude, we shall have 


0, 1,2, ---,(n— 1), n. 
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This finite ordered sequence constitutes an example of an order type to which 
the name, n + 1, may be given. This is also the name of the first ordinal integer 
following all of those of the given set. This statement applied inductively 
accounts formally for all positive integers. It is also available for the introduction 
of transfinite ordinals. For example the sequence, 0, 1, 2, ---, m, «++, including 
zero and all positive finite integers is an example of an order type to which the 
name, w (“Omega”), may be given. Next after w follows w+ 1, and so 
forth. Two successive sets of order type w when considered together constitute 
an example of the order type called w2, but not 2w, for reasons that we shall see. 
The order types w3, w4, etc., are obtained analogously, finally giving ww, called 
also w’, and so forth. 

Georg Cantor, to whom is due the credit for introducing these transfinite 
ordinals on a rigorous basis, defined also the addition and multiplication of 
ordinals. The ordered sum, a+ b of two ordinals, a and b, is the ordinal whose 
order type is obtainable by placing after a sequence of the order type of a, one 
of the order type of b. Thus (w) + (1) =w+1, l+o= a0, 9+ 
(m) + (n) = m+n where m and n are finite ordinals. The ordered product 
ab of two ordinals, a and J, is the ordinal whose order type is obtainable by re- 
placing each element of b by a set of the order type of a. Thus 3 X 4 may be 
represented as (---) (++) (+++) (+++), while 4 X 3 would be represented by 
(++++) (+++) (++++). We see also that (w) (2) = w2, and more generally 
(w) (n) = wn, while nw = w. The following may be verified, 


(w+ n)(w + m) = w+ wm+ n, a(b + = ab+ ac, 


where m, n, (m > 0) are finite ordinals, and a, b, c, any ordinals. Propositions 
not in general valid, are: a+ b = b+ a, ab = ba, and (a+ b)c = ac + be. 

While addition and multiplication are always possible among ordinals, sub- 
traction is certainly not in general admissible. Thus there is no ordinal x to 
satisfy the relation z + 1 = w so that w — 1 cannot be itself an ordinal, if it is 
to represent an 2 satisfying the equation referred to. On the other hand there is 
an zx, namely w, for which 1+2=. The noncommutative character of 
addition is what causes part of the difficulty. The following general fact may 
be noted. If a and b be two ordinals, and b > a, then there is one and only one 
ordinal x satisfying the equation a+ 2=b. This may be expressed in the 
statement that if a << b, — a+ b is a uniquely defined ordinal. 

An interesting consequence of the uniqueness of left hand subtraction is the 
following theorem, which is believed to be new: 

The highest common left hand divisor of two ordinals may be found by Euclid’s 
algorithm. 

The process may be illustrated as follows in the case of 


w + w+ wd + 3, and w + w7 + w2+4+ 3. 


‘For this notation, as well as for further references, compare the bibliography in E. V. 
Huntington, The Continuum and other Types of Serial Order, second edition, 1917, p. 74. 
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Step Dividend Divisor Remainder Quotient 
1 w+ w’7 + w2+: w+ w+ wi + 3 w6 + w2+3 1 

2 w+ w+ w5 +3 + w2+ 3 w+w5+3 w 

: + w2+ 3 w+ w5+3 w+ 3 5 

4 w+ w5+ 3 w+w2+3 w3+ 3 1 

5 w+tw2+3 w3+ 3 w2+ 3 w 

6 w3 +3 at3 1 

7 w2+ 3 w+3 0 2 


Thus w+ 3 is the greatest common left hand divisor. Indeed the original expres- 
sions may be written respectively as (w+3)(w*+o+5) and (w+3)(w*+w7+2), 
where the greatest common left hand divisor of w? + w + 5 and w?+ w7 + 2 is 
1. While w contains each finite ordinal as a left-hand divisor, w + 1 is prime to 
them all. 

The question remains at this stage as to whether the system of ordinals may 
be so extended that for each quantity of the system, the negative of the quantity 
also is in the system, and where addition and multiplication shall still be possible 
in all cases. If a somewhat generous interpretation be given to these terms, as 
necessitated by the fact that addition is not ordinarily commutative, the answer is, 
yes. This will now be demonstrated by the introduction of what appears to be 
a new concept in this connection. 

We shail consider a system whose elements may be formally written as a — b, 
where a and b are any ordinals. The expression a — 6 will be regarded as the 
formal sum of a sequence of order type a, every element of which is + 1 followed 
by a sequence of a reverse order type, namely the reverse of b, in which, further- 
more, each element is — 1. Thus if a = w*ng + w’nz + wn, + no we shall write 
— a as — N — wn, — we — w*n3z. The fundamental principle to be observed 
is that addition (among a finite number of terms of the same sign) is throughout 
associative. Any combination — a+ a may be replaced by zero, while a — a will 
not in general be regarded as the same as zero. If a = w*n3 + w*n2 + wni + no, 
then — a-+a may be written as — — wn — — + w'ng + w'ne 
+ wn, + nm. Pairs of terms may be dropped out successively from the center 
until zero results. 

To form the sum (a; — b,) + (az — be), compare the ordinals az and}. If 
a. be equal to or greater than b; it may be written as a, = b; + ¢, giving 
a; — b; + b; + ¢ — be which reduces to (a; + ¢) — bo. If on the other hand b,; 
is equal to or greater than a; we may write b} = a. + d, or — b} = —d— ay 
whence the sum becomes a; — d — a2 + az -- be or a, — (bo + dd). 

Before considering multiplication of these expressions, we shall return to note 
a feature of ordinals. Positive ordinals are of two types, terminating and non- 
terminating. While w + 1, w2 + 7, 8, each is an order type with a last element, 
w, w + w2 and w” each is an order type with no last element. The sum a+ b of 
two elements is found to be terminating if and only if the second quantity, )}, 
is terminating, the product ab is terminating if and only if both a and b are ter- 
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minating. An infinite terminating ordinal, a, can be expressed uniquely as a 
sum a’ + n where n is finite, and a’ is nonterminating. The finite term n is 
called the termination of a. In any product ab, where a is terminating with 
termination, n, the product will be terminating and have this same termination 
n, for every terminating b, although this termination, which is independent of the 
character of b so long as b is terminating, vanishes whenever } is nonterminating. 

In the expression a — J, let / denote the lesser of the two quantities a, b, and 
d denote their difference. Then a — b may be written /+ d — I, where + d is 
called the stem, and l, the affix of the expression, a — b. The sign of + d depends 
upon the particular expression a — 6 considered and is completely determined 
except for the trivial case where d = 0. The product (/ + d — J)c is defined as 
1+ de — 1 when ¢ is terminating, and as + de when ¢ is nonterminating. For 
example 


(w — 3)(w? + w2+ 7) = 34+ w(w?+ w24+ 7) —3 = + — 3 
(w — 3)(w? + w2) = w(w? + w2) = w*+ w’2 
((w+ 1) — + w2+ 7) = 4+ (+ o2+7)-4 
((w + 1) — 4)(w? + w2) = (w+ 1)(w? + w2) = w + 2 


The above rule has the desirable though not essential property that if we identify 
a—b and (a+n)— (b+ n), then we may also identify (a— b)e with 
((a+ n) — (b+ n))c, where n is a finite ordinal. Thus so far as finite ordinals 
are concerned we may if we desire regard n — n as identical with zero, although 
this is not desirable in some applications. 

The product (a; — b:)(a2 — be) is defined as (a, — by)a2 + (by — ay)bo. The 
product (a; — b:)((a2 — be) + (a3 — b3)) is found to be equal to (a; — 61) (a2 — be) 
+ (a; — b:)(a3 — bs) if the stem of a; — b; is positive. In case this stem is 
negative, we have instead (a; — b;)(a3 — b3) + (a; — bi)(az — be), as is to be 
expected. 

It is to be noted that the above is closely suggestive of the process by which 
rational fractions are introduced in the development of the number system by 
means of pairs of integers. 


AMONG MY AUTOGRAPHS. 
By DAVID EUGENE SMITH, Columbia University. 
14. Maupertuis AND FREDERICK THE GREAT. 


Among those whom Frederick the Great called to his court for the purpose 
of accomplishing what the Ptolemies had done for Alexandria, the caliphs for 
Bagdad, and the Medici for Florence, there were a few scientists and literati of 
genius, and still more of near ability. Of the latter, Maupertuis is perhaps the 
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best known. He was born at St. Malo in 1698, and, after falling from royal 
favor, died at Basel in 1759. He spent six months in England, in 1728, while 
Voltaire was there, and during this time was made a member of the Royal Society 
and became familiar with the Newtonian theory. In 1740 he was made president 
of the Berlin Academy, Frederick saying that it should be formed “as you alone 
can form it.”” A biographer of Voltaire thus writes of him: 

“Precise, pompous, and positive; boring society with his worrying exactness 
upon trifles even more than society bored him; inordinately vain, and with a 
sensitive temper made yet more inflammable by brandy and self love; acutely 
conscious of his dignity, and without any sense of humor, the ex-tutor of Madame 
Chatelet was the sort of person with whom, sooner or later, her lover [Voltaire] 
was sure to disagree.” 

The quarrel broke soon after Voltaire reached Berlin, in 1750. It arose over 
a vacancy in the Academy, Maupertuis favoring Jean-Baptiste de Boyer, Marquis 
d’Argens, an oriental scholar, while Voltaire urged Raynal, the philosopher and 
historian. It was a bitter one and ended in each vanquishing the other so far 
as the court of Potsdam was concerned. 

I have two holograph letters of Maupertuis relating to his sojourn in Potsdam. 
The first was written to Frederick the Great, and may some time find place in this 
series. The second was written when the royal favor was not so apparent. 
Voltaire’s sarcasm had begun to have its effect. The letter is dated simply 
“Tuesday the 14th,” which does not allow us to fix the year, and is full of appre- 
hension as to the effect of certain remarks, doubtless Voltaire’s, which had been 
quoted against him. The writing is indistinct in several places, and I am indebted 
to my colleague, Professor Méras, for assistance in arriving at the meaning, 
but the letter reads substantially as follows: 


You have not told me a single word about the effect produced at Potsdam by the letter of my 
generous and sublime defender. It has the approbation of all honest people here, and of all those 
who have position and taste. 

Someone brought me Le Tombeau de la Sorbonne, and I am still at it. It is very interesting, 
but in order to amuse [?] the malignity of the readers they have made it lose all air of truth. 

I do not see that Walther has answered you on the subject of the books which I requested 
you to ask of him. You had also promised to send me the Latin thesis on the generation of organic 
beings which I received from Erlangen and which I sent you at the request of Buffon. I should 
very much like to have it back again. 

Adieu, my dear friend. I think that glory is not destined for me so much as criticism, for 
I am less accustomed to it... . 

I «m always yours, 
MAUreERTUIS. 


Maupertuis refers to the Erlangen dissertation in his @uvres (1768 edition, 
II, 187) and to Diderot’s comment upon it. Those were days of anonymous 
pamphlets and of pseudonyms, and this reference illustrates the situation. The 
thesis was, as a matter of fact, the work of Maupertuis himself, although he speaks 
of it as the Dissertatio inauguralis metaphysica de universali Naturae systemate, 
and as the work of one Dr. Baumann. 

The letter marks the period of the beginning of the decline of Maupertuis 
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at the court of Frederick. He had recently published (1752) his Lettres, a small 
volume on all sorts of schemes and things, some absurd and others trivial. Vol- 
taire said that Maupertuis had previously been in a lunatic asylum and was still 
crazy. But Frederick, beginning to feel the danger of Voltaire’s intimacy, took 
the part of Maupertuis and, on November 5, 1752, congratulated him upon his 
performance. It seems probable that the letter refers to this fact. 

Frederick’s statement was a challenge to Voltaire, and he accepted it. The 
result was the Diatribe of Doctor Akakia, one of the keenest satires in the French 
language. “I have no scepter,” wrote Voltaire, “but I have a pen.” It is said 
that Frederick laughed till he cried over the castigation of poor Maupertuis. He 
loved wit more than science, or pseudo-science, or friendship. 

In the second edition of his Lettres Maupertuis records the official burning of 
the Diatribe; ‘Le Libelle fut brilé le 24 Décembre 1752, publiquement, par le 
main du Bourreau, dans toutes les places de Berlin.” In that delightful Life of 
Voltaire by Tallentyre, the story is told of how his secretary, Collini, seeing the 
crowd and watching the bonfire, mentioned the circumstance to the “old invalid 
of Ferney.” “T’ll bet it’s my Doctor!” said Voltaire,—and he was right. 


15. THE PARADOXER AND DEPARCIEUX. 


Antoine Deparcieux (to adopt his own spelling) was one of the leaders among 
the scholars of France who devoted their attention to applied mathematics in the 
middle of the eighteenth century. He was born at the little hamlet of Cessoux 
(Gard), near Nimes, October 8, 1703, and died at Paris on September 2, 1768. 
At the age of forty-three he was admitted to the Academy of Sciences, and between 
1740 and 1768 became recognized as one of the distinguished group of French 
savants. He wrote on trigonometry, probabilities as applied to mortality tables, 
and astronomy, and received numerous honors abroad as well as in his native land. 

Like all mathematicians or teachers occupying positions which tend to make 
them known, Deparcieux was bored by that class of men about whom De Morgan 
wrote so delightfully in his Budget of Paradoxes. It is interesting to see how such a 
man received the suggestions of the half-demented correspondents who felt that 
they had solved the Fermat Theorem, squared the circle, untangled the mystery 
of the Hindu-Arabic numerals, or overturned the Newtonian theory. 

One of the letters of Deparcieux in my collection is a reply to a communication 
from a certain M. Fomaigne who had discovered a “new government of the sun.” 
The letter shows Deparcieux entering into the spirit of the argument, and indulg- 
ing in some interesting bits of sarcasm. It reads in part as follows: 


CompibengE, May 18, 1758. 


Monsieur: 

I have read the annexed memoir which informs us of a new government (nouveau gouverne- 
ment) of the sun, and of which it is difficult to understand a single thing. It seems, however, like 
an effort to prepare a set of tables of the rising and setting of the sun which shall be more exact 
than those now in use. It looks as if you wished to accomplish this by means of a certain line 
drawn on two sun dials, one oriental and the other occidental, or on a single one. If the Sieur 
Fomaigne had read anything on the subject he would surely express himself somewhat differently, 
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would probably have seen the matter in a different light, would know that tables of extreme accu- 
racy already exist, and would recognize that the line which can represent different kinds of the 
rising of the sun (for there is one) starts from the same source. What he says about the moon 
has no common sense.’ He wishes to govern the moon, but if he is not crazy he will see that it is 
the moon which governs the sun. 

The letter is evidently intended to follow the style and spirit of the memoir, 
and to run into a state of semi-aberration of mind,—a procedure which renders a 
translation difficult. Nevertheless it closes with the usual politeness of the 
Parisian: 

I have the honor of being, with the most profound respect and the most sincere attachment, 
Monsieur, your humble and very obedient servant, 


DEPARCIEUX. 
One lesson we can learn from Deparcieux’s letters,—namely,—that it is 
never necessary to punctuate. In the letter referred to there are only two marks 
of punctuation in three quarto pages, and in another of his letters before me there 
are only three,—a period and two commas. 


16. A LETTER OF GASSENDI’S WRITTEN IN 1633. 

Although Pierre Gassendi was best known for his work in astronomy, he 
was one of the brilliant circle of mathematicians which was making France the 
scientific center of the world in the first half of the seventeenth century. He has 
been called the first French disciple of Bacon, the worthy friend of Galileo and 
Kepler, and the precursor of Newton and Locke. He was born near Digne, 
in Provence, on January 22, 1592, and is one of the few infant prodigies who ever 
attained any eminence. He was only twenty-one when he was called to the chair 
of philosophy as well as to that of theology in the University of Aix. He accepted 
the latter, but in 1623 he resigned from his professorial duties in order to devote 
his time to study and travel. He visited and taught in Paris, traveled in the 
Low Countries, and met with many savants, such as Descartes, Mydorge, 
Mersenne, and Cassini I, and made friendships which lasted throughout his life. 
His writings cover a wide field and include works on philosophy, astronomy, 
theology, physics, and the calendar. 

Among my autographs is a letter written from his old home at Digne, on 
August 2, 1633. It is addressed to “Monsieur de Peirese, abbe & seig" de 
Guistre, Con’ du Roy,”’—then a king’s counsellor in the local “ parlement”’ of Aix. 
Nicolas-Claude Fabri de Peiresc, like Gassendi a native of Provence, was twelve 
years the senior of the latter. He was one of those fortunate men who establish 
strong bonds of friendship with scholars, and among his intimate correspondents 
were some of the most learned men of his time. He was a botanist, a linguist, a 
physiologist, a historian, and a lover of books. Louis XIII gave to him the 
abbey of Notre-Dame at Guistre, in the diocese of Bordeaux, and it was to him 
as abbot that Gassendi wrote this letter. Four years later, on June 24, 1637, 
he died in Gassendi’s arms. 

The letter is one of those which were beginning to be interchanged so freely 
at that time among the members of the mathematical fraternity, and offers 
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evidence of the nature of the work in which mathematicians and astronomers 
had a special interest. Such a communication brings to the present some of the 
atmosphere of three centuries ago, and hence is not without interest. It reads 
as follows: 


Monsieur, 


I was recently surprised at the departure of Monseigneur the Archdeacon, for he had promised 
me that he would go to see you. Nevertheless I did not venture to delay this departure for the 
purpose of writing to you. Even now I have come very near failing in my duty of sending a 
few words to you, along with five or six lines which I have just written to Mons. Luillier. This 
delay has been due to the hope of having the fortune of writing more fully by the next post. I 
am still waiting to observe the eclipse. Yesterday there began some evidence of a spot on the sun, 
and of this I have observed the position. I shall also take further observations on the succeeding 
days for the purpose of comparing it further with the moon’s shadow at the time of the eclipse, 
since at that time it will have completed only two thirds of its path over the disk of the sun. If you 
wish to see it, it is quite large and we shall be able to speak of it sometime hereafter. If another 
spot appears between now and then, I shall be on the watch. 


Meanwhile I kiss very humbly your hands and remain always, Monsieur, your very humble, 
very affectionate, and very obliged servant, 
GASSENDI 
Digne, August 2, 
XXXiii. 


The letter gives evidence of the state of astronomy in the days when the 
telescope was new and imperfect and when it was only just beginning to be 
successfully applied to observations upon which mathematical calculations could 
be based for the purpose of developing the theory of celestial mechanics. 


17. A Letrrer FROM To HEVELIUS, 1666. 


Among my autograph letters of the seventeenth century, one of the most 
interesting was written by Bouillaud to Hevelius. Few more attractive mathe- 
matical portraits exist than the one of Bouillaud painted from life by Jacob Van 
Schappen. It is a genuine work of art, and one has but to look upon it to feel 
that here is the face of a scholar. Ismael Bouillaud was born at Loudun in 1605 
and died at Paris in 1694. He was one of the most staunch supporters of the 
Copernican system and was a man of great erudition. He wrote several treatises 
on astronomy, translated the arithmetic (theory of numbers) of Theon of Smyrna, 
and published a work on spirals. He was therefore interested in pure as well as 
applied mathematics. This letter is written to Johannes Hevelius, the well- 
known astronomer of Danzig. Hevelius, or Héwelke, was six years younger 
than Bouillaud and died in 1687. From 1641 until his death he devoted himself 
to astronomy, making his own somewhat primitive telescopes and setting them 
up in his private observatory. 

Bouillaud’s letter is interesting for several reasons, but chiefly for its reference 
to various contemporary astronomers, to some of the work then being under- 
taken, and to the general question of telescopes. On the last of these subjects 
Hevelius held very radical opinions, believing that for accuracy in the location 
of heavenly bodies the old pin-hole method was better. 

Bouillaud wrote in Latin, according to the custom of the time, and in a legible 
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hand,—which was by no means a part of this custom. In the letter he refers to 
the observations made by Hevelius and to a comet that had recently appeared. 
As to the latter he remarks that 


The path of the comet can be limited and determined by the observations made by you and 
the illustrious Domenico Cassini. 


This is Giovanni Domenico (Jean-Dominique) Cassini, then in Bologna, 
who was just publishing his Opera astronomica (Rome, 1666). In the same year 
the French statesman, Colbert, founded the Académie des Sciences and invited 
Cassini to Paris. The invitation led to a visit to France and to a brief sojourn 
there; but not until 1669 did Cassini take up his permanent residence in the 
French capital. The letter continues: 

As to the matters which may be open to dispute, pro and contra, with respect to the apparent 
size of the head of the new star, men will maintain uncertain judgments because of the very 


different conditions of their observations and because of the varying degrees of accuracy and 
perfection of the different telescopes. 


It will be recalled that it was not until 1610 that Galileo discovered the satel- 
lites of Jupiter and that only in 1663 did Gregory publish his plan for using a 
concave mirror in a telescope, although Descartes and Mersenne had corresponded 
on the subject long before, and the latter had published his ideas in 1651. 
Hevelius had even maintained, as already stated, that telescopes were not 
sufficiently perfected for accurate observations of position. Achromatic lenses 
were still a long way in the future, and Bouillaud’s letter shows that the instru- 
ment itself was still in its infancy. He continues, referring to a letter on the 
subject written by Hevelius on December 5, 1665: 

Since in your letter you make mention of telescopes, it will doubtless please you to know 
from me what has been written about the instruments made in Rome and Florence by that very 
skilled and famous artisan Joseph Campanus [Giuseppe Campano]. By the aid of these telescopes 
they have observed not only the satellites of Jupiter in the disc of the planet but also the revolu- 
tion of the planet about its own axis, which is completed in about ten hours. By reason of the 
fitness and advantages of their location and the necessary resources for meeting the expenses of 
carrying out and accomplishing these things, we who are in Paris and are perfectly capable of 
making observations, but are without due support in the matter, are anticipated by others and 
the glory is taken away from us. That most illustrious Domenico Cassini has made public his 
observations in three letters written to a friend, and these you can obtain from our friend De 
Noyer and also from our friend Burattino, to whom I believe they have been sent from Italy. 


The Campano mentioned was a famous maker of instruments, and the Cassini 
was the first of the four astronomers of this family in the Royal Observatory 
of Paris. 


The Latin beginning and ending may be interesting to readers who have given 
little attention to the epistolary style of the time. The letter begins: 


Amplissimo Viro Dno Io. Heuelio Veteris Gedani Consuli Ismael Bullialdus S. P. D. 

To that most learned man, Lord Johannes Hevelius, Councilor of the ancient Gedanum 
[Danzig], Ismael Bouillaud, Salutem Plurimam Dicit. 
It closes: 

Vale Vir Amplissime & me semper ama. Scribeb. Lutetiae Parisior die 15. Ianuarii 1666. 

Farewell, most learned man, and always have regard for me. Written in Paris the 15th day 
of January, 1666 [old style]. 
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QUESTIONS AND DISCUSSIONS. 


Epitrep By W. A. Hurwitz, Cornell University, Ithaca, N. Y. 
DISCUSSIONS. 


Professor Dresden discusses the minimum length from a fixed point to a 
fixed line, measured along a circular arc tangent to another fixed line through 
the given point. His result may be shown to be geometrically equivalent to 
the following (stated in Professor Dresden’s notation): the minimum length 
is such that it is equal to the length of that segment of the tangent to the circle 
at its intersection with the line 2 = b which falls between that line and the y-axis. 
Is there a way of seeing directly without the use of analysis that such an arc 
exists and furnishes a minimum? 

Mr. Anning points out the faulty treatment of mathematical topics in general 
works of reference. The two works to which he refers are of course not isolated 
instances; in fact it is not improbable that they are among the least culpable. 
From three other well-known reference compendia the following excerpts from 


the article Hyperbola are chosen: 

“ Analytically the hyperbola is the locus of a point which moves so that. . . .” 

“Tf two similar cones be placed apex to apex, and with the lines joining the apex and center of 
base in each in a straight line, then if a plane which does not pass through the apex be made to 
cut both cones each of the sections will be a hyperbola. . . . If the axes of coérdinates be turned 
at right angles to their former position, two additional curves will be formed. ... These two are 
called conjugate hyperbolas, and have the same asymptotes as the original hyperbolas.” 

“The straight lines . . . known as asymptotes gradually approach the curve, but actually 
only meet it at points infinitely distant.” 


Perhaps we may draw the moral that no work intended to cover the whole 
field of knowledge, however eminent its editorial staff, should ever be trusted for 
precise information on a technical subject. 

The deluge of geometric proofs of the law of tangents (1920, 53, 465; 1921, 
71, 170) led the editor to suggest terminating discussion on this subject. Two 
proofs which were received before the publication of this recommendation appear 
below. That by Professor Bradley is in fact somewhat different in principle 
from the usual proofs. That by Mr. Yamanouti is closely related to the usual 
proofs, but cannot be read out of Professor Lovitt’s consolidated figure (1920, 
465). Finally, Professor Lovitt shows how a figure similar to that used by Mr. 
Yamanouti, but more general, may be utilized to prove a theorem which includes 
the law of tangents as a special case. Historical and bibliographical notes are 
added by Professor Archibald. 

Similar in character is the discussion of Professor Rusk, in which a number 
of familiar formule of trigonometry are considered with regard to their deduc- 
ibility from the sine, cosine, and projection formule. 

Professor Uhler gives an account of the method he uses to make the ordinary 
multiplication of two large numbers convenient and fool-proof. The actual 


work for the multiplication of e” and e~* to more than fifty places is repro- 
duced. 
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Mr. Haldeman shows how a certain quartic curve may be used in order to 
construct a regular heptagon. Compare a similar article by the same author 
(1919, 390), in which the construction is effected by means of an equilateral 
hyperbola. Reference may be made also to Note 24 in the department of Prob- 
lems and Solutions elsewhere in this issue. 


I. Tue SHortest Crrcutar FROM A Pornt To A LINE. 
By ARNOLD DrespEN, University of Wisconsin. 


Introduction. In connection with the study of a certain type of problem in 
the calculus of variations, I was led to consider the following question: 

“Let there be given a line x = b and a sys- 
tem of circles tangent at the origin to a line 
y = mx (m> 0) (see figure 1). We take on ‘, 
each of these circles the are from the origin to *\ 
the nearer of the two points of intersection with \ 
the line x = b and inquire which among the % ry 
circles of the system furnishes for this are the . 
minimum value; that is, we inquire which ‘ 
among the circular arcs passing through the \ = 
origin with slope m will furnish the shortest ; R x 
path from the origin to the line x = 6.” \ 

The intuitive reply to this question was 
that the shortest circular path is furnished by ‘4 
the circle which cuts the line z= 6 at right ‘\ Fa 
angles. This reply proved to be incorrect. It ——"G 
seemed therefore worth while to publish a dis- ’ 
cussion of this question which incidentally 
yielded other points of interest. 

1. The circles of the system are given by the equation 


@— ay +(yt 2) (1) 


m 


Fia. 1. 


the parameter a being the x-coédrdinate of the center. The points of intersection 

of this circle with the line z = b are real if a = b/(1+ yw) ora = b/(1 — uw), where 

m 


(@< 7/2) being the inclination of the line y = mz. The length of the arc OB 
then becomes 


— dx 1 
this function being defined only for values of a greater than b/(1 + yu) or less 


than b/(1 — yu). The question we raised is that of determining the value of a 
for which L(q@) is a minimum. 


= cosec ¢, 
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2. We introduce as a new variable the angle 6, defined by the relation 


1+ psin@ 
which transforms! the ranges a = b/(1 + uw) and a = b/(1 — yu) into the single 
continuous range — (7/2) S@ (7/2). It is shown without difficulty that 
this angle @ represents the supplement of, or the negative, the inclination of the 
tangent to the circle C, at its point of intersection with the line x = b. 
We find then 
b 
L(a) = L{- 
(a) (; + p sin 


_ 


and hence 
Ya) = L'(6) = — 09 + sin  — + 9) cos 8. 
da sin cos 6 
The maximum and minimum values of the function L,(6) will be found among 
the zeros of the function 
F(6) = sin sin — (6+ ¢) cos 6. 

While for our purpose we are concerned only with the values of F(6) on the range 
(— 7/2, 2/2), we discuss the function in its entirety. 

We find F’(6) = (6+ @) sin @, so that 

F’(6) = 0, for 6= — ¢, and for 6 = nr, 
while F’(6) > 0 on the intervals 
and F’(@) < 0 on the intervals 
Moreover since 
F(0) = sing — ¢@ < 0, F(- ¢) = 0, F(¢) = 2(sin ¢ — ¢ cos ¢) > 0, 

we obtain for the graph of F(@) a curve as sketched in figure 2. We conclude 
that there exists a value 6; such that 0 < 6;<@ and such that F(6;) = 0. 

Corresponding to the values 6 = 
— 1/2, — ¢, 0, 01, @, 7/2, we have the 
values a =b/(1— yw), b, ay, 


b/2, b/(1+ pu), so that we can now 

—. P obtain the graph of the function L(a) 
as in figure 3. The values a= 
b/(1— pw) and a = b/(1 + yw) yield the 

FIG. 2 circles of the system that are tangent 

to the line x= b while a= + © 


yields the straight line y = mz. 


1 No value of a corresponds to 6 = — are sin 1 [nj but 
lim @ = — arc sin l/p. 
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3. It is readily verified that L@ 


and 


FIG. 3 
but that L[b/(1+ u)] may be greater or less than L(©). There is exactly one 
value of a, viz., a1,for which Z(@) has a minimum; this value a; lies between 
b and b/2, so that the shortest circular path from the origin to the line x = b 
which departs from the origin with slope m lies between the circle which cuts 
this line perpendicularly and the one which passes through the point (6, 0). 

We have seen that a; = b/(1 + usin 6;), while @; is the unique root of the 
equation sin @+ sind — (8+ ¢) cos @= 0 on the interval (0, 7/2). Hence, 
6; is determined as a function of ¢ by the relation 


sin 6; + sing 
At? 
From this it follows that Lim 6; = 0; that is, among the circles tangent to 


the X-axis at the origin, the straight line furnishes the shortest path from the 


origin to the line « = b, which shows that the result obtained above is in accord 
with known facts. 


II. MATHEMATICAL ARTICLES IN ENCYCLOPEDIAS. 
By Norman ANNING, University of Michigan. 


The efforts of the Association to produce a Mathematical Dictionary that 
shall be a credit to American scholarship are, in the highest degree, praise- 
worthy. While that is in progress could not some arrangement be made with 
publishers who are bringing out important works of reference to have the proofs 
of mathematical articles read by mathematicians? The editors of the Encyclo- 
pedia Americana following the policy that articles on technical subjects should 
be written by experts have, in the main, been singularly happy in their choice 
of authors. With certain less technical articles they have been less fortunate. 
For every one who will read through Dr. Webster’s excellent treatment of Hydro- 
dynamics there are perhaps a hundred who will consult the Encyclopedia to find 
the “indispensable minimum” of information about the Hyperbola. This is, 
in part, what the latter will find:* 


The length of the transverse axis is said to be a, ---. The two lines 
_ y 


approach the hyperbola closer than any assigned limit, and are called the assymptotes (sic) of the 


1 Vol. 14, p. 601. 


= 
= 
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hyperbola. The points 


are called foci,---. The ratio of the distance from a point on the curve from 
2 2 
a 
to its distance from the line : 
a 
v= a? + 
has the constant value 
Va? 
a 
The lines 
a? 
@ 


are known as directrices. 


All in twenty-four lines. 

To avoid the charge of partisanship let me add that a glance at the eleventh 
edition of the Encyclopedia Britannica reveals, in one short paragraph, the 
near facts:! 

Analytically the hyperbola is given by az? + 2hry + by? + 2gx + 2fy +c =0 wherein 
ab > h?. --+ In the rectangular hyperbola a = b; hence its equation is 77 — y2 =C@ +--+. 

How can we believe and teach the doctrine that (as Bacon might have said it) 
“Mathematicks maketh the careful man” if such inaccurate statements are 
permitted in books which the public has a right to regard as sources of exact 
information? 


III. Geometric Proors oF THE LAW OF TANGENTS. 
By H. C. Brapitey, Massachusetts Institute of Technology. 


Let ABC be the given triangle, 7 A acute and greater than 7 B. Produce 
AC. Lay off 2 ABD = z A onthe same side of AB as C, forming the isosceles 
triangle ABD. Let E be the middle point of AB. Draw DE. 

Produce BC. Lay off CF = AC. Draw AF, thus forming the isosceles 
triangle ACF. Let G be the middle point of AF. Draw GC, and produce it to 
meet DE at 0. 

Connect O with B. From O draw OH perpendicular to BC. Then 


OH = BH tan Z OBH = CH tan z OCH. (1) 


In the triangle BCD, CO and DO bisect the angles at C and D respectively. 
Hence BO bisects the angle at B. Whence ~ OBH = 3(A — B). Also, we 
have Z OCH = 3(A+ B). 

In the triangle ABF, OE and OG are, respectively, perpendicular bisectors of 
the sides AB and AF. Hence OH is the perpendicular bisector of BF, and 
BH = HF. Whence BH = 3(a+ b), and CH = 3(a— b). 

‘Vol. 14,p.19. 


— 
Le 
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Substituting in (1), (a + b) tan3(A — B) = 3 (a — b) tan }(A + B), which 
is the law of tangents.! 

To complete the proof, we should also consider the cases in which 7 A is 
obtuse, and a right angle. These cases can safely be “left to the student.” If 
Z A is obtuse, the point 0 is no longer an in-center of the triangle CBD, but is 
one of its out-centers, while if 7 A = 90° the triangle CBD reduces to two 
parallel lines. But the triangle OBC, in which the required relation appears so 
simply, can always be found. 

The construction fails when the angles A and B are equal, but then the law 
itself is trivial. 


By T. Yamanovutt, Sixth National College, Okayama, Japan. 


Let a>. Draw CD the bisector of the angle C, meeting AB at D. Draw 
AM and BN perpendicular to CD, meeting CD and its extension at M and N 
respectively. Then from the similarity of the triangles AMC, BNC, 


a N 
b CM’ 
and 


a+b_CN+CM_ CN+ CM BN tan NBC + AM tan MAC. 
a—b CN—CM DN+DM_ BN tanNBD+ AM tan MAD’ 


but 
ZMAC= Z = 473, Z MAD= Zz NBp = 4— 


9 


therefore 


By W. V. Lovirt, Colorado College. 


In this Montuty, 1920, 465, I gave six new proofs of the law of tangents. 
In this paper are given further proofs which are believed to be new. In the 
first proof a well-known formula is derived. By specializing the values of the 
variables therein the law of tangents is derived. Thus the law of tangents ap- 
pears as a special case of a more general theorem. The general theorem is useful 
in solving problems in mechanics relating to three forces in equilibrium.? In 
view of the usefulness of the general theorem in mechanics it would seem desirable 
to have it included in elementary trigonometry. 

In the triangle ABC let D be any point of BC; call the parts into which AD 
divides the angle A, » = BAD, v= DAC; call 6= CDA. Let BE and CF 


1 The same construction on a sphere will give one of Napier’s analogies. 
2 Consult Miller and Lilly, Analytic Mechanics, New York, 1915, pp. 78, 108, 111. 


| 
A+B 
tan 
a+ b_ 2, 
a—b tant — 4 
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be perpendicular to 4D. We may suppose @ acute. Then 


BC cos @ = BD cos 0+ DC cos 6 

DE+ DF = AE — AF 

= BE cot yu — CF cot v 

BD sin cot — CD sin cot 


That is, 
BC cot 6 = BD cot np — CD cot v. 


To prove the law of tangents, take CD = b, whereb < a. Then BD=a-— 6, 
w= 3(A — B), 0 = v= 3(A+ B); so that 
a cot (A + B) = (a — b) cot (A — B) — b cot B). 
Whence 
a+b_ tan3(A+ 
tan3(A — B) 
We may give the proof also by use of the perpendicular BE alone instead of 
both CF and BE. Project the sides a, b, c on BE and AD and we find 
esin3(A — B) = (a— b) sin3}(A + B), ccos3(A — B) = (a+ b) cos$(A + B). 
Dividing, 
a—b 
a+b 
If we use C/2 instead of $(A + B), we have 


tan 3(A — B) = tan $(A + B). 


sin }(A — B) = (a— b) cos, cos #(A — B) = (a+ 


These are the Mollweide equations. Dividing, 

@ b cot 

a+b 2 

In view of the usefulness of the Mollweide equations in checking a solution by 


the law of tangents and the ease, as here shown, in deriving them, it would seem 
that their more general inclusion in elementary trigonometry texts is desirable. 


tan 4(A — B) = 


HISTORICAL AND BIBLIOGRAPHICAL NOTES. 


By R. C. Arcurpatp, Brown University. 

The formulz 

(b+ c) sin3A = acos3(B— C), and (b— cc) cos}A = asin}(B — 0), 
were first given in T. Simpson, Trigonometry Plane and Spherical, London, 1748, 
pages 60-61. If instead of sin}A we substitute cos 3(B + C), and instead of 
cos 3A, sin}(B + C), we have, in effect, formule given in [F. W. v. Oppel], 
Analysis Triangulorum, 1746, page 18. Sir Isaac Newton gave, in effect, yet 
another form to the first of these formule,! in Arithmetica Universalis, Cam- 


1 This was in his discussion of the familiar problem: To determine the sides of a triangle, 
given the base AB, the sum of the sides AC + BC, and the vertical angle C. 


= 
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bridge, 1707, page 122, where sin AEC is substituted for cos }(B — C) [E being 

the point, corresponding to D in Professor Lovitt’s discussion, when AD is drawn 

bisecting the angle A.] 

. Simpson’s formule were given by Mollweide, without reference to Simpson, 
in Zach’s Monatliche Correspondenz, Gotha, volume 18, 1808, page 396. 

To various geometrical proofs of the Law of Tangents already indicated in 
this Montuiy (1920, 53-54, 465-467; 1921, 71, 79, 170-171), might be added: 
one by Vignal in Nouvelles Annales de Mathématiques, volume 3, 1844, pages 
456-457; and one by John Keill, the earliest I have met with, given in his 
anonymously published T'rigonometrie Plane & Spherice, Oxford, 1715, pp. 
16-17. 


IV. Some Formunas oF ELEMENTARY TRIGONOMETRY. 
By W. J. Rusk, Grinnell College. 
The formulas that are taken for granted are the sine formulas: 


sina _sinf_siny_ 1 
a b c 2R’ 
and the projection formulas: 


a= bcosy+ccos 8, b=ccosa+acosy, c= acos8+ b cosa. 


If we multiply these in order by a, 6, c, and then add the first two results 
and subtract the third we get one of the cosine formulas; so we shall consider 
them as given also. 

Consider the triangle ABC with b < a; take D on AB so that CA = CD; 
then 7 DCB = a— B and 
a® — 


DB = acos B — b cosa = 


1. Formulas for sin (a + 8) and sin (a—8). We have from triangle ABC, 


sny_ sin(a+6) _1., 
c acosB+bcosa 2R’ 

a 

sin (a+ 8) = B 00s 


= sina cos 8 + cos asin B. 
and from triangle CDB, 


_ sin (a — 6) 
b acos 8B — bcosa 
or 
a 
sin (a — = op 8 — op COS 


= sin a cos 8 — cos a@ sin B. 


1 
| 
| 
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Again 
sin y = sin (a+ £) = (c/a) sina 
= [(a cos 8+ 6b cos a) sin al/a 
= sin a cos B+ (b/a) sin a cos a 
= sina cosB+ cosa sin B. 
Also 


(a/c) cos B + (b/c) cos a 


(sin a cos 8 + cos a@ sin B)/sin y. 


sin y = sin (a+ = sina cos B+ cosa sin B 
and from triangle CDB, 
sin(a—B8) sina 
acosB—bcosa 


whence sin (a — 8) = sina cos B — cos asin B. 
2. Formulas for cos (a -++ 8) and cos (a — 8). We have from 


a = beosy +c cos 8, 


c a 
— cosy = pcos B — 
— (acos B + 6 cos a) cos 8 
b 


cos a cos B — za — cos? 8) 


b 


or cos (a + 8) = cos a cos 8 — sina sin 8; and from the triangle CDB, 
a = bcos (a — 8) + (a cos B — b cos a) cos B; 
cos (a — 8) = cos a cos B + 5 (1 — cos? 8) 
= cosa cos B + sina sin B. 
Again from the triangle ABC, we have 


e = (acosB+ b cos a)? = a? + b? — 2ab cos y 
or 


cos (a + 8) = cosa cos B + (cos? 8B — 1) + (cos? a — 1) 
= cosa cos 8 — sina sin B. 
And from triangle CDB, we find cos (a — 8), since 
(a cos B — b cos a)? = a? + b? — 2ab cos (a — 8). 


3. Formulas for tan (a + 8) and tan (a — 8). Drop the perpendicular CE 
upon AB in the triangle ABC. Then 
EC_ (beosy+c cos 8) sin 


tana = — tan (8 + (b cos y + ¢ cos B) cos B’ 


| 
=. — 
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sin B cosy + cos sin B 


— cos cos + £(1 — cos? 8). 


or, 
tan + tan y 


1— tan B tan y 
For tan (a — 8) drop DF perpendicular to BC. Then 


FD_  (acos8 — b cosa) sinB 


tan (a — 8) = CF a- (a cos B — b cosa) cos 8B” 


a 
3 008 B sin B — cos a sin B 


cos a cos +5 (1 — cos? 6) 


_ tana — 
1+ tan a tan 6 


Proofs could have been obtained in the same way for the corresponding sine and 
cosine formulas. 

4. Half-angle formulas. Produce the side AC to K so that CK = a and 
apply the cosine formula to the triangle ABK. We have 


f= cos? — 2(a + b)2a cos? 


= (a+ b)? — 4ab cos? 


whence 


Y_ _ |(s— a)(s — 
COS 5 and sin5= 


Now consider the triangle CDB. Produce DC to L so that CL = a, and apply 
the cosine formula to the triangle DBL. We have 


om 
= (a+ b)*?+ 4a? cos? — 2(a + b)2a cos? B 


= (a + b)? — 4ab cos? 


or 


2 
2 
4ab cos? = (+ [c? — (a — 
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and 
a- 


Again if we call the perimeter of the triangle CDB, 2s; and the sides a, }, ¢1, 
it can be very easily proved that 


Cc c 


Cc c 
2 ab c ab c 2 


and 


which shows that Simpson’s formulas and the tangent formula are equivalent 


to the half-angle formulas. 
All of the above formulas have been proved on the condition that the angles 


are the angles of a triangle but they can be generalized in any of the usual ways. 


Again from 


a= bcosy+c cos 8, b=acosy+ccosa 
we have 
a—b_cosB—cosa at b_ cosB + cos a, 
c 1+ cos y c 1— cosy 
—" sin 5 sin 5 sin 5 (1 sin 5) sin 9 1 sin : 
cos 5 cos 
_ sin 2(a + 8) sin — B) _ sin — 8) 
27 
cos 5 cos 5 
a4 2 sin 3(@ — B) cos 3(a + B) 
sin 
But 


o—b_sina— sin 8 
c sin y 
sin a — sin B = 2 cos3(a+ 8B) sin3(a — 8). 
It is not necessary to go through the detailed work in the case of other 


analogous formulas. 


2 
. 
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V. MULTIPLICATION OF LARGE NUMBERS. 
By H. S. Un er,! Yale University. 


In a recent number of the Montuty (1921, 114) I gave computations for 
to over fifty places of decimals. After mailing the article I 
set te work to form the product e~*e”, which should approximate to unity. 
The computation was performed in a single afternoon and evening and resulted 
in 1 followed by 52 zeros before the appearance of significant figures 3859---. 
It seems certain, therefore, that the earlier computations are correct to more than 
50 decimal places,—my original tacit goal. 

It may be of interest to give an account of the scheme used for multiplying 
two large numbers in such a manner as to avoid errors. 

Buy suitable coérdinate paper. Cut up long strips of cardboard about half 
an inch wide. Lay a strip of cardboard on the coérdinate paper so as to write 
the digits properly spaced. Multiply the multiplicand by one of the nine digits 
1, 2, «++, 9, one such result to be written on one strip of cardboard; so that nine 
strips will contain all the partial products to be used. No error can remain on 
these strips after careful inter-comparison and mutual checking, e.g., 6 = 2 X 3 
= 5+ 1, ete. Then place a properly spaced copy of the multiplier above 
and to the right of the large sheet of coérdinate paper, and fasten it in position. 

Commence with the extreme left-hand digit of the multiplier and select the 
corresponding strip of cardboard. Place the extreme right-hand digit of the 
cardboard exactly below or under the left-hand digit of the multiplier and copy 
on the coérdinate sheet the figures on the cardboard. There is no mental work; 
and the eye cannot miss a single mistake, since each digit copied on the co- 
ordinate sheet is directly under the same digit on the cardboard. 

Now place the next strip indicated by the multiplier one space lower and 
one space further to the right, and copy as before. Continue this process for 
successive figures of the multiplier, omitting unnecessary figures falling beyond 
the right side of the codrdinate sheet. 

No error should arise in adding the columns on the codrdinate sheet because 
of repetition and other obvious means of checking. As a matter of fact, I have, 
as yet, made not a single mistake that I did not detect before proceeding further. 

The illustration given shows the actual copy of the codrdinate sheet as used 
for the multiplication of the numbers 


1The text of this article was adapted by the editor from a private communication of Pro- 
fessor Uhler.—EniTor. 
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ll 


23.14069 26327 79269 00572 90863 67948 54738 02661 06242 60021 16 
0.04321 39182 63772 24977 44177 37171 72801 12757 28109 81063 30854 


8642 78365 27544 49954 88354 74343 45602 25514 56219 62126 61707 00256 2 
1296 41754 79131 67493 23253 21151 51840 33827 18432 94318 99256 05038 43 
43 21391 82637 72249 77441 77371 71728 01127 57281 09810 63308 53501 281 
17 28556 73055 08899 90976 70948 68691 20451 02912 43924 25323 41400 5124 
25928 35095 82633 49864 65064 23030 36806 76543 68658 86379 85121 00769.— 
3889 25264 37395 02479 69759 63454 55521 01481 55298 82956 97768 15115+ 
86 42783 65275 44499 54883 54743 43456 02255 14562 19621 26617 07003 — 
25 92835 09582 63349 86465 06423 03036 80676 54368 65886 37985 12101— 
1 29641 75479 13167 49323 25321 15151 84033 82718 43294 31899 25605 
8642 78255 27544 49954 88354 74343 45602 25514 56219 62126 61707 
3024 97427 84640 57484 20924 16020 20960 78930 09676 86744 31597+ 
302 49742 78464 05748 42092 41602 02096 07893 00967 68674 43160— 
38 89252 64373 95024 79697 59634 54555 21014 81552 98829 56978— 
86427 83652 75444 99548 83547 43434 56022 55145 62196 21266+ 
25928 35095 82633 49864 65064 23030 36806 76543 68658 86380 — 
3889 25264 37395 02479 69759 63454 55521 01481 55298 82957 — 
2 16069 59131 88612 48872 08868 58586 40056 37864 05491 — 
30249 74278 46405 74842 09241 60202 09607 89300 96769 — 
864 27836 52754 44995 48835 47434 34560 22551 45622 — 
388 92526 43739 50247 96975 96345 45552 10148 15530— 
3 45711 34611 01779 98195 34189 73738 24090 20582 + 
25928 35095 82633 49864 65064 23030 36806 76544 — 
1296 41754 79131 67493 23253 21151 51840 33827+ 
259 28350 95826 33498 64650 64230 30368 06765+ 
30 24974 27846 40574 84209 24160 20209 60789+- 
3 88925 26437 39502 47969 75963 45455 52101+ 
17285 56730 55088 99909 76709 48686 91205 — 
3457 11346 11017 79981 95341 89737 38241 — 
216 06959 13188 61248 87208 86858 58640 
17 28556 73055 08899 90976 70948 68691 + 
3 02497 42784 64057 48420 92416 02021 — 
12964 17547 91316 74932 32532 11515+ 
3457 11346 11017 79981 95341 89737+- 
8 64278 36527 54449 95488 35474+ 
2 59283 50958 26334 98646 50642 + 
25928 35095 82633 49864 65064+ 
432 13918 26377 22497 74418— 
25 92835 09582 63349 86465 
86427 83652 75444 99549 — 
17285 56730 55088 99910 — 
864 27836 52754 44995+ 
259 28350 95826 33499 — 
8642 78365 27544+ 
432 13918 26377+ 
43 21391 82638 — 
25 92835 09583 — 
43213 91826+ 
30249 74278+ 
2592 83510 — 
388 92526+ 
30 24974+ 
2 16070— 


1.0000 00000 69000 00000 00000 00000 00000 00000 00000 00000 00038 59222 80390 
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VI. ConsTRUCTION OF THE REGULAR HEPTAGON BY A QUARTIC CURVE. 
By C. B. Hatpreman, Ross, Butler County, Ohio. 


Consider the quartic 


x(a + y’) (Bb + a’)= a’y* — by? + 4aty? — 3aby + 2a', (1) 
which will be real when b? + a’ is negative, and the circle 
2+y = — 4a, (2) 


which will be real when a is negative. 
Eliminating x from (1) and (2), the result may be placed under the form 


(y’ + + 14a7y + + 2b)(a*y — 2b) = 0. 


By the transformation y = — 2sV— a the first of these factors when placed 
equal to zero may be reduced to 


: b 
7s — + 112s° — 6437 = ; 


and because 
7 sin A — 56 sin? A + 112 sin A — 64 sin’ A = sin 7A, 
we may take 


b 
sin 7A 
Sl 
and get 
— 1 
= — 2V— 
y 7 av—a 
y= —2V—asin,(2 
b 
y = —2v- asin} (3x — 
j 
y= 2V= asin} (w+ sin? 
» + 
y= sin), 
— 


The seven intersections, whose ordinates are the seven real roots of the above- 
mentioned factor, are the vertices of the regular heptagon required, as may be 
seen by reference to the above values of y. 


] 
| 
= a 
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The above factor of the seventh degree may be resolved algebraically by the 

transformation 


The result is 


y= (— b+ + (—b— 


RECENT PUBLICATIONS. 
REVIEWS. 


Geschichte der Mathematik. II Teil, von Cartesius bis zur Wende des 18. Jahrhun- : 
derts; II. Hiilfte, Geometrie und Trigonometrie. By HetnricH WIELEITNER. 
Berlin, 1921, pp. vi+ 220. Price, in Germany, 45 marks. 

This small volume, one of the latest numbers in the well-known Sammlung 
Schubert, completes a work begun thirteen years ago by Professors Giinther and 
Braunmiihl,—a work much delayed by the World War. Like all volumes 
appearing in the Schubert series, it aims at presenting the best attainable know- 
ledge, ina somewhat popular style, by a scholar of recognized standing, and with 
such a condensation of material as shall allow for its publication at a price within 
the reach of every teacher in Germany. 

In the present work, Dr. Wieleitner has divided his material into nine chapters, 
as follows: I. Analytic geometry of the plane, especially as related to conic 
sections; II. Analytic geometry of space, including a study of surfaces; III. 
Higher curves in general; IV. Special curves; V. Differential geometry; VI. 
Perspective, and Descriptive geometry; VII. The first steps in projective geom- 
etry; VIII. Trigonometry; IX. Elementary geometry. 

This is a wide range of subjects to be treated with any thoroughness in 176 
pages of text, and yet it is safe to say that Dr. Wieleitner, as might have been 
expected from one of his scholarship and experience as a writer, has kept up the 
best traditions of the Sammlung Schubert. For example, he has presented in 
only fourteen pages the essential features of those contributions to the invention 
of analytic geometry made by Fermat and, to a lesser extent, by Vieta, Ghetaldi, 
and Cataldi, as well as those appearing in the epoch-making work of Descartes 
himself. In the following nineteen pages he condenses those essential topics in 
analytic geometry which attracted the attention of the contemporaries and the 
immediate successors of Descartes. Not only are the prominent features set 
forth, but the student is furnished with a helpful bibliography that allows him 
to branch out for himself,—a contribution that cannot be too highly commended. 

Among the notable features of the work should be mentioned the list of 
curves in chapter IV. This is, of course, not so complete as the one given by 
Brocard in his Notes de Bibliographie des Courbes Géométriques, but it covers the 
important curves that the college student will meet in his studies, and includes 
a list of bibliographical references that will be of much service. 


| 
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It will hardly be profitable to mention other special features of the text, or to 
consider the treatment of special topics. Suffice it to say that the book is worthy 
of the author and the series. Mention should be made, however, of the excellent 
bibliography at the end and of the unusually well-arranged indexes by names 
and by subjects. 

Attention should be called frankly and distinctly to one other matter, and 
that is the price of the book. It may be stated at the outset that American 
scholars are generally desirous of seeing not only peace established among nations, 
but amicable relations resumed among scholars the world over. In particular, 
they are, in general, doing all in their power to foster good relations with their 
German colleagues and to arrange for an exchange of scientific literature of all 
kinds. But when it comes to the prices of German books they generally feel 
that a mistake is being made by Berlin and Leipzig publishers and by the German 
government. Here, for example, is a book that is published in Leipzig at 45 
marks, list, subject to dealers’ discount. At the current rate of exchange, this 
amounts to 25 cents, and yet the publisher quotes it to the American purchaser 
at $2.25. Americans are perfectly willing to pay the Leipzig price, and to add 
thereto any reasonable export duty that may be laid, together with the regular 
charge for postage; but it would be difficult to find any scholar, be he librarian or 
teacher, who feels that he should pay any such exorbitant price as this. It gives 
the impression that the German publishers and government expect Americans 
to help Germany pay for a war which America did its best to prevent and for 
which it has already paid out vast sums. The opinion may be wrong, but it is 
the opinion that is held, and it is very safe to say that the sale of German books 
in this country will never assume anything like its former proportions so long as 
this policy or any approach to this policy continues. 

Davin EUGENE SMITH. 


The Sumario Compendioso of Brother Juan Diez. The Earliest Mathematical 
Work of the New World. By Davin EvuGENE Smita. Boston and London, 
Ginn and Company, [April] 1921. sm. 4to. 7+ 65 pp. Price $4.00. 

Let us first consider who the author of the Sumario Compendioso was. 

In his Rara Arithmetica, Boston, 1908, page 286, D. E. Smith drew attention 
to this Sumario by “Juan Diaz Freyle” as “the first arithmetic printed in Am- 
erica.” The author’s name is later indexed under “Freyle” and not under 
either Diaz or Diez. In an address published in this Monraty, 1921, 10-15, 
Professor Smith gave a general description of the Sumario and its setting, and 
quoted typical problems “listed under algebra” and “not listed under algebra.” 
The title-page of the original work was here reproduced in facsimile, on page 11, 
where the author’s name is “Juan Diez freyle.”’ In the course of his sketch 
Professor Smith refers to the author as simply Juan Diez. In the work under 
review, his translation of the author’s name is “Brother Juan Diez.” This may 
be assumed as an indication of the present result of Professor Smith’s investiga- 
tions in this connection. 
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In each of the two works to which one would naturally turn for information 
regarding the Swmario, the name of the author is given as “Juan Diez Freile,” 
and in the index of one of them the name occurs as “ Diez Freile, Juan.” The 
works in question are: (a) Bibliografia Mexicana del Siglo XVI by J. G. Icaz- 
balceta, Primera parte, Mexico, 1886; (b) La Imprenta en México (1539-1821) 
by J. T. Medina, Tomo 1, Santiago de Chile, 1909. It were desirable, then, that 
Professor Smith had given the reasons for his change of opinion as to the inter- 
pretation of “Freyle.” 

Regarding the existing copies of the Swmario, Professor Smith states that 
“there remain perhaps only four copies” and he quotes Icazbalceta (l.c.) who 
records that one copy was in the “Convento de la Merced,” and that a second 
was sold in the Ramfrez sale (1880) for £24; he adds that a third copy is in the 
British Museum, and that an imperfect fourth copy, from which his own photo- 
graphic copy was made, is in the “Biblioteca Nacional at Madrid”; this copy 
lacks the last three folios. Medina lists (l.c.) three known copies: one in the 
British Museum, one in “Biblioteca del Ministerio de Fomento en Madrid,” 
and one in “ Biblioteca de don Jacobo Parga en Madrid.” One might infer, then, 
that there were six existing copies of the Sumario. The second copy listed by 
Medina seems, however, to be nothing but the copy in the “ Biblioteca Nacional”; 
for, witness the library stamp on the title page reproduced in this MONTHLY 
(l.c.) from Professor Smith’s photographic copy. Medina’s third copy may be 
the one sold at the Ramirez sale. We conclude, then, that while there are at 
least four copies of the Sumaric, there may be not less than five.’ 

The Sumario consists of 103 folios, including 2 pages for the dedication, 24 
pages of mathematical text (18 pages relating directly to arithmetic, and 6 to 
algebra), an elaborate set of tables (about 180 pages), and the colophon. The 
work under review contains a facsimile of the mathematical text, and colophon, 
accompanied by a translation and valuable notes. Facsimiles of the title page 
and of one page of the tables are also given. Then there are 11 pages of intro- 
ductory matter: “Mexico of the period,” pages 3-4; “Printing established in 
Mexico,” 5-6; “General description of the book,” 7-8; and “Nature of the 
tables,” 9-11. The outstanding facts in connection with this material have been 
already set forth in this MontTuLy (l.c.). 

The “earliest mathematical work of the New World” must ever be one of 
great interest to the mathematician, who will be profoundly grateful to Professor 
Smith for so much of the work as he has made generally accessible and intelligible. 
The historian will naturally regret that such a rare book was not reproduced in 
its entirety, with commentary which Professor Smith is so finely equipped to 
provide. 

The work under review was published only in an edition de luxe on Old 


1 In his review of the Sumario, Professor L. C. Karpinski questioned the propriety of Pro- 
fessor Smith’s interpretation. See School and Society, August 13, 1921. 

* “The University of Michigan library possesses the complete work in rotographs of the British 
Museum copy.” L. C. Karpinski (l.c.). 

* Thus Professor Karpinski made a slip in writing (l.c.): ““Only two copies of the work appear 
to be known, the one incomplete in the Escurial and the other in the British Museum.” 
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Stratford paper, and limited to 394 copies of which 210 were taken in advance 
of publication. It is a beautiful example of the bookmaker’s art. Ginn and 
Company deserve heartiest congratulations. 

R. C. ARCHIBALD. 


Primitive Groups. By W. A. Mannina. Part I. (Stanford University Publica- 
tions, University series, Mathematics and Astronomy, volume 1, no. 1.) 
Stanford University, California, 1921. Royal 8vo. 108 pages. Paper. 
Price $1.25. 

Preface: ‘“‘Some knowledge of Algebraic Numbers and of the ordinary Theory of Numbers is 
assumed to have been acquired by the reader by way of preparation for a serious study of the 
subject of which this volume treats. 

“An apology may be in order for the arrangement of the subject matter. It was arranged 
as it is to meet the needs of actual instruction. The use of ‘group characteristics,’ as developed 
by Frobenius, should be a familiar tool in the hands of the student as early as possible. Therefore 
linear substitutions are taken up in the third chapter. From the point of view of strict logic this 
study of linear substitutions and of linear groups should be quite fully developed before those very 
special substitutions which we call permutations are considered. But the idea of groups of non- 
commutative operations can, in the author’s opinion, be best gained from a few lessons on the 
concrete and familiar permutations of a finite number of letters. Therefore the first two chapters 
are intended to familiarize the learner with the simpler processes used in Group Theory, to exhibit 
the fundamental theorems which admit of briefly worded proof, and to prepare the way for the 
more difficult developments of linear groups. Moreover, since any ‘abstract’ group of finite 
order is isomorphic to some group of permutations, it would seem that sufficient generality can 
be attained if the phraseology of the abstract theory is ignored, as is done in this book. 

“Tn talking of prime numbers it is admitted that it is a matter of indifference whether unity is 
included among the primes or not. May one be permitted the same license, if for the sake of 
convenience in stating certain theorems, the identical substitution alone is denied the dignity of 
being called a group ($4)? The new terms ‘similar groups’ (§ 16), ‘open product’ (§ 21) and 
‘uniprimitive group’ (§ 37) seem useful and necessary. 

“In justification of the publication of these pages in our University series, it may be stated 
that some of the material to be found in the volume is new. In particular, theorems II of § 37, 
I of § 38, and I of § 45 have not been published elsewhere. 

“Among the sources from which the author has drawn inspiration and material the following 
treatises should be mentioned: Jordan, T'raité des Substitutions; Weber, Lehrbuch der Algebra; 
Burnside, Theory of Groups; Dickson, Linear Groups; Miller, Blichfeldt and Dickson, Finite 
Groups; Blichfeldt, Finite Collineation Groups; Hilton, Linear Substitutions. 

“But the memoirs of Jordan and of Frobenius have contributed more by way of suggestion 
and encouragement than any books.” 

Contents—Chapter I: The elementary theory of groups of permutations, 7-27; II: Transi- 
tive groups, 28-44; III: Group characteristics, 45-69; IV: Applications of group characteristics, 
70-80; V: Transitive groups, 81-91; VI: Primitive groups with transitive subgroups of lower 
degree, 92-108. 


Computing Jetons. By D. E. Smita. (Numismatic Notes and Monographs, no. 
9.) New York, The American Numismatic Society, 1921. 16mo. 2-+ 70 
pp. + 5 plates. Paper cover, price $1.50. 

This monograph, embellished with 20 pages of illustrations in addition to the plates, is based 
upon an address delivered by the author before the American Numismatic Society, in New York 
City, on February 7, 1921. Introductory paragraphs: “In accepting the invitation .. . to 
speak upon the subject of Computing Jetons, I have naturally considered the possibility of offering 
something that might appeal to its members as not already familiar. Few works upon any 
subject relating to numismatics are so exhaustive in their special fields as the monumental and 
scholarly treatise of Professor Francis Pierrepont Barnard (Casting-Counter and Couniing-Board, 
Oxford, 1916), and hence it may seem quite superfluous, and indeed presumptuous, to attempt to 
supplement such a storehouse of information. 
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“Professor Barnard, however, approached the subject primarily from the standpoint of a 
numismatist, a field in which he is an acknowledged expert, as witness the honor that has recently 
come to him in his appointment as curator of coins and medals in the Ashmolean Museum at 
Oxford, and so it has seemed to me that I might make at least a slight contribution by approaching 
it from the standpoint of a student of the history of mathematics. It would, in that case, be 
natural to consider primarily the need for, the use of, and the historical development of the 
jeton in performing mathematical calculations, and this is the pleasant task that I have set for 
myself in preparing this monograph. 

“Although Professor Barnard has also considered this field, I hope to contribute something 
in the way of illustrative material, at least, and perhaps to make somewhat more prominent the 
early history of a device which, in one form or another, seems to have dominated practical calcula- 
tion during a good part of the period of human industry.” 

Contents—Necessity for aids in computation, 3-5; The dust abacus, 6-7; Early forms of the 
line abacus, 7-8; The Roman counters, 8-10; The abacus in the orient, 11-14; The Gerbert 
abacus and jetons, 15-16; The late European line abacus, 17-29; Names for counters or jetons 
30-33; The exchequer, 34-36; Method of computing with jetons, 37-63; History of minted 
jetons, 64-69; Summary 69-70. 


Manhood of Humanity. The Science and Art of Human Engineering. By ALFRED 
Korzypskt. New York, E. P. Dutton & Co., 1921. S8vo. 17+ 264 pp. 
Price $3.00. 


The publishers state that Professor C. J. Knysmr refers to this book ! as follows: ‘‘a momen- 
tous contribution to the best thought of these troubled years. It is momentous in what it con- 
tains, even more so in what it suggests, and most of all, I dare say, in the excellent things it will 
eventually help men and women to think and say and do. Its core is a great conception, which 
is new; it is a conception of man in terms of Time. Like all really great ideas, it is intelligible 
to all and is universal in its interest and appeal. It is, I believe, destined to light the way in all 
the cardinal concerns of human kind.” 

Contents—Chapter I: Introduction (Method and processes of approach to a new concept of 
life), 1-26; II: Childhood of humanity, 27-45; III: Classes of life, 46-65; IV: What is man? 
66-92: V: Wealth, 93-118; VI: Capitalistic era, 119-138; VII: Survival of the fittest, 189-154; 
VIII: Elements of power, 155-166; IX: Manhood of humanity, 167-203; X: Conclusion, 204- 
208. Appendices—(a) Mathematics and time-binding, 209-223; (b) Biology and time-binding, 
224-254 [pages 245-250: quotations from Karpinski, Benedict and Calhoun’s Unified Mathematics 
on laws of growth, the curve of healing of a wound, wave motion]; (c) Engineering and time- 
binding, 255-264. There are numerous references to the literature of the subject. 


Latitude Developments connected with Geodesy and Cartography, with Tables in- 
cluding a Table for Lambert Equal-Area Meridional Projection. By O. S. 
Apams. (Department of Commerce, U. S. Coast and Geodetic Survey, 
special publication no. 67.) Washington, Government Printing Office, 1921. 
12mo. 132 pp. Price 20 cents. 

___ Foreword (first two paragraphs): “There are five different kinds of latitude that come under 

consideration in the application of mathematical analysis to questions of geodesy and cartography. 

Tt is the aim of this publication to express the difference between the geodetic or astronomic 

latitude and each of the various four other kinds of latitude in a series of the sines of the multiple 

arcs. This difference in each case is obtained in an expression in the sines of the multiple ares of 
the geodetic or astronomic latitude and also in a series of the sines of the multiple arcs of the other 
latitude in question. 

“The analysis connected with the development of both the isometric or conformal latitude 
and of the authalic or equal-area latitude is given in some degree of detail, since it is a good example 
of the application of mathematical analysis to such questions.” 


1 The ideas of the book are the basis of an address, by Professor Keyser, published i in n Science, 
September 9, 1921, pp. 205-213. 
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Philosophy and the New Physics. An Essay on the Relativity Theory and the 

Theory of Quanta. By Louis Rovarer. Philadelphia, P. Blakiston’s Son 

& Co., 1921. 12mo. 15-+ 159 pp. Price $1.75. 

_ This work is an authorized translation by Dr. Morton Masius, professor of 
physics in the Worcester Polytechnic Institute, from the author’s corrected text 
of “La matérialisation de l’énergie.”’ 

Translator’s preface: ‘‘The recent remarkable developments of physical theories, especially 
those concerned with relativity and quanta of energy, cannot fail to have far-reaching influences 
on philosophical thought. Physicists, as a rule, are too much occupied with their special field to 
give much attention to matters of more general philosophical interest, and few philosophers possess 
the knowledge of science required for discussing and criticizing fruitfully the work of the physicist. 
Professor Rougier’s very wide reading in mathematical and experimental physics has enabled him 
to present and interpret the new advances in Physics in a way which should prove of great interest 
to both philosopher and physicist. This book seems to mark a measurable advance toward a 
confluence of the broad streams of philosophical and scientific enquiry.”’ 

Contents—Chapter I: ‘The dualism of matter and energy,” pages 1-21; II: “Mass and 
the relativity principle,” 22-40; IIL: ‘Electromagnetic dynamics,” 41-56; IV: ‘The electronic 
theory of matter,” 57-72; V: “The inertia of energy,” 73-90; VI: “The weight of energy,” 
91-109; VII: “The structure of energy,” 110-147; VIII: “Conclusion,” 148-153; Bibliography, 
153-155; Index of names, 157-159. 


Praktisches Zahlenrechnen. (Sammlung Géschen no. 405.) By P. WERKMEISTER. 
Berlin and Leipzig, Vereinigung Wissenschaftlicher Verleger, 1921. 16mo. 
135 pp. Price 4.20 marks. 


This new volume of an admirable series is bound in flexible but durable paper covers instead 
of stiff cloth covers used before the war. It surveys the elementary parts of a field not over familiar 
to American mathematicians, introducing a number of historical notes and references to the litera- 
ture of the subject. The main headings of the contents are as follows—Section I: Calculation 
without special aids [(a) Exact calculation; (6) Approximate calculation], 9-41; II: Caleula- 
tion with the aid of tables [(a@) Exact calculation with the aid of numerical tables—multiplication 
or product, quarter square, ete.; (b) Approximate calculation with the aid of numerical and graph- 
ical tables—logarithmic, of squares and square roots, ete.], 41-60; II: Calculation with the use 
of mechanical aids [(a) Exact caleulations—with calculating machines; (6b) Approximate calecu- 
lations—by means of slide rules], 60-91; IV: Graphical calculation [(a) Treatment of funda- 
mental operations; (b) Solution of equations; (c) Differentiation and integration; (d) Calculation 
of errors], 91-133; Subject index, 134-135. 


Three Lectures on Fermat's Last Theorem. By L. J. MorpELtt. Cambridge, at 
the University Press, 1921. S8vo. Pamphlet, 3+ 31 pages. Price 4s. 

This booklet contains lectures in practically the form in which they were delivered at Birkbeck 
College, London, in March, 1920. It also contains a few details omitted from the lectures. For 
full references on the subject the reader is referred to L. E. Dickson’s “very useful paper,” “ Fer- 
mat’s last theorem,’ in Annals of Mathematics, vol. 18, 1917, and to volume 2 of his History of the 
Theory of Numbers. 

The first chapter is entitled “Statement of the theorem” and contains subheadings “Did 
Fermat prove his theorem?’ “Analysis of another statement of Fermat,’’ “A simplification of 
the problem,” “The equation 2? + y? = 2,” “The equation x + y* = 24,” “The equation 
z+ 43 = 23,” “The equation 2° + y¥ = 2 and 2? + y’ = 2.” The second chapter (pages 10- 
26) considers Kummer’s work and its consequences. The brief third chapter entitled “ Libri’s 
result” has as subheadings “Sophie Germain’s result” and ‘‘Wendt’s form of the result.” 


Some Investigations in the Theory of Map Projections. By A. E. Youna. (R. G. 
S. Technical Series, no. 1.) London, Royal Geographical Society, 1920. 
8+ 76 pages. S8vo. Price 6 shillings. 


These exhaustive investigations are concerned mostly with the minimum error projections 
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invented by Airy and Clarke. Their results are extended and simplified “so that, out of the 
almost bewildering number of projections that have been discovered and advocated from time to 
time, those which are practically the best or most useful are reduced to comparatively few, the 
application of which has been simplified.”’ 

The first chapter (pages 1-21) deals with the minimum error zenithal projections, the second 
(pages 22-56) with the minimum error conical projections, the third (pages 57-65) with the conical 
orthomorphic projection with two standard parallels (Lambert’s second) for the spheroid, the 
fourth (pages 66-68) with the polyconic projections, the fifth (pages 69-72) with finite errors of 
projections, and the sixth with the convergency of meridians. Mr. Young’s survey has shown 
the worth of some old projections “which seem to have been hit upon by their inventors by a 
sort of geometrical intuition rather than by rigorous analysis.’’ An example of this is Murdoch’s 
remarkable third projection, dating back to 1758, and yet “the very best of the conical class.” 
A discussion of G. W. Hill’s conical projection (Annals of Mathematics, 1908) leads to the con- 
clusion that it does not appear to have “any advantage over those we have investigated and it is 
certainly more difficult to compute.” 

The work is thoroughly mathematical and constitutes a most valuable contribution to the 
subject. It may be of interest to note in conclusion certain expansions of use in discussions of 
this kind: sin @, cos 6, tan 6, cot 6, sec 0, cosec 0, sin 6, tan! @, log, sin @, log. sec 6, log. tan 8, 
log. (1 + @), log. (1 — @), log. [(1 + 6)/(1 — 6)] and tan (6 +h) as a power series in h with 
coefficients powers of tan 6. Most of the expansions are to the eighth or ninth degree in @. 


Edinburgh’s Place in Scientific Progress. Prepared for the Edinburgh Meeting 
of the British A ssociation [1921]. Edinburgh and London, W. & R. Chambers, 
1921. 12mo. 16+ 263 pages. Price 6 shillings. 

This very interesting volume, with a preface by C. G. Knort, contains brief sketches on 25 
topics by 23 different authors. “Mathematics and natural philosophy” is treated by C. G. 
Kwort, pages 1-30; ‘‘Astronomy”’ by R. A. Sampson, 31-32; “Actuarial Science” by A. E. 
SpracuE, 33-35; “Meteorology” by A. Watt, 36-43; and “Engineering” by T. H. Beare. 
Eight portraits are inserted in the volume, and the frontispiece in colors is of John Napier of 
Merchiston. 

Among the numerous names occurring in Doctor Knott’s sketch are the following: John 
Napier, James Gregory, David Gregory, Colin Maclaurin, James Stirling, James Ivory, John 
Playfair, John Leslie, William Wallace, Philip Kelland, D. F. Gregory, George Chrystal and P. G. 
Tait. It is stated that “in the light of accurate history” Napier “stands preéminent as the first 
great scientific Scotsman.”’ 


Mathematik in der Natur. By H. Emcu. Ziirich, Rascher & Cie., 1921. 12mo. 


86 pages. Price, paper cover, 2 francs. 

This little volume was distributed free to subscribers of Natur und Technik, with Heft 12 
of Jahrgang 1920-21. The eight chapters have the titles: Geometry in plant and animal bodies; 
Concerning architecture with the smallest building stones of the world; Where power to compre- 
hend and to visualize is lacking, there mathematics always helps further; Mathematical funda- 
mental problems of mechanics in nature; Number in plant and animal bodies; Cells, molecules, 
atoms, electrons. We here find brief references, in popular manner, to matters treated, for the 
most part, by D’Arcy W. Thompson, in his On Growth and Form, 1917, in more scholarly fashion. 
(Compare this Montuty, 1918, 189-193, 232-238, where logarithmic spiral forms, golden section, 
and Fibonacci series are discussed; see also 1920, 314.) 


Grundziige der Einsteinschen Relativititstheorie. By Aucust Koprr. Leipzig, 
S. Hirzel, 1921. 8vo. 4+ 198 pages. Price, bound, 42.50 marks. 


This introduction to the Einstein theory of relativity was developed from lectures, delivered 
in the winter semester of 1919-20 and in the summer semester of 1920, at the University of Heidel- 
berg, where Dr. Kopff is extraordinary professor of astronomy. “It aims,” the author states in 
the preface, “in the simplest possible way again to set forth the fundamental investigations of this 
theory, in connection with which a mathematical presentation can not be avoided. Without 
deep penetration into the mathematical problem of the theory of relativity, one can never really 
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understand the underlying thought. The theory of relativity belongs to theoretical physics in 
the widest sense and this is mathematical description of the physical processes of nature.” In the 
course of the book the only assumed knowledge of mathematics and physics is such as is given in 
the first semesters at a university. 


‘Fundamentals of High School Mathematics. A Textbook designed to follow Arith- 


metic. By H. O. Ruae and J. R. Cuarx. Yonkers-on-Hudson, World 
Book Co., 1920. 15+ 368 pp. 12mo. Price $1.80. [Answer book, 16 


cents.] 

Attention is drawn to this work for first year high school mathematics, by teachers in the 
Lincoln School, New York. It is a development from their study, Scientific Method in the Re- 
construction of Ninth-Grade Mathematics (University of Chicago Press, 1918, 8vo. 189 pages), 
and takes account of principles formulated by the National Committee on Mathematical Require- 
ments. A rough draft “experimental edition’’ (8 + 266 pages) was published in 1918 and 
distributed at cost for experimental purposes only. 


The Slide Rule: A Practical Manual. By C. N. Pickwortu. Seventeenth edi- 
tion. Manchester, Emmot & Co.; London, Emmot & Co., and Pitman & 
Sons, 1921. 12mo. 133 pp. Price 3 shillings and 6 pence (the New York 
agent, I. Pitman & Sons, charges more than double this price, namely, $1.50). 
This book has been well known for twenty years, the eleventh edition appearing in 1908, 

the fourteenth in 1916, and the fifteenth in 1917, each of these editions containing revisions and 

new matter. The present edition contains eight pages more than the fourteenth, the additions 
including descriptions of new slide rules, and a section dealing with screw-cutting gear calculations 
by the slide rule. 


NOTES. 


In Bulletin des Sciences Mathématiques, July-August, 1921, there is a historical 
article by C. de Waard entitled “Une lettre inédite de Roberval du 6 Janvier, 
1637, contenant le premier énoncé de la cycloide.”’ 

In Proceedings of the Benares Mathematical Society, volume 2, part 2, 1920, 
is published “On mathematical research in the last 20 years,” the presidential 
address delivered on January 31, 1921, by Dr. Ganesh Prasad, professor of mathe- 
matics in the Benares Hindu University. Compare 192/, 31, 179, 191. 

Revista Matematica Hispano-Americana, June, 1921, contains, pages 161-166, 
a portrait, brief biographical sketch, and bibliography of the writings (59 titles), 
of C. J. de la Vallée-Poussin. 

The eleventh paper in Proceedings of the Royal Society of Edinburgh, volume 
41, 1920-1921, is (pages 111-116) “ Note on a continuant of Cayley’s of the year 
1874” by Sir Thomas Muir, the African member of our Association. 

There are 81 names in the list of members of the “Gazeta Matematica’ 
Society of Roumania, published in the first number, September, 1921, of Gazeta 
Matematica, volume 27. 

The summer number of Isis, 1921, includes the following articles: “Two 
twelfth century algorisms” by L. C. Karpinsk1, 396-413; “History of symbols 
for n-factorial” by F. Casort, 414-418. 

The fourth and last volume of E. BELTRAMI, Opere matematiche pubblicate per 
cura della Facolta di Scienze della R. Universita di Roma, was issued from the 
press of Hoepli, Milan, in 1920 (554 pages; price 50 lire). 
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In L’Intermédiaire des Mathématiciens, July-August, 1920, there is an article, 
“Charles Ange Laisant (1841-1920)” by the editors—H. Brocard gives addi- 
tional biographical and bibliographical material concerning Laisant (compare 
1921, 319) in Sphina-Gidipe, August-December, 1921. 

In Sitzungsberichte der Heidelberger Akademie der Wissenschaften, Mathe- 
matisch-naturwissenschaftliche Klasse, Abteilung A. Mathematisch-physikalische 
Wissenschaften, 1920, about half the numbers deal with topics of mathematical 
interest. Number 7, by Oskar Perron, is entitled: “Paul Stickel,’ and number 
14, by Karl Bopp: “Moritz Cantor?. Gediichtnisrede, gehalten im Mathe- 
matischen Verein zu Heidelberg am 19. Juni 1920.” 

We are glad to note that the editors of Journal of the Mathematical Association 
of Japan for Secondary Education have found in our Montaty yet other articles 
(cf. 1921, 79) of interest to their constituency. In the issue for April, 1921 
(pages 47-50), there is a Japanese translation of Professor A. S. MERRILL’s 
article, “The ‘danger area’ curve” (1920, 398-410). In the issue for July 
(pages 94-98) there is practically a complete transcript, in rearranged form, of a 
list, prepared by the Library Committee of our Association, of 160 mathematical 
books for schools and colleges (1917, 369-376). 

The concluding number of Bulletin of the Calcutta Mathematical Society, 
volume 11 (262 pages), was published in March, 1921. This periodical, devoted 
to higher mathematics, pure and applied, is excellently printed and edited. At 
the close of 1920 the Calcutta Mathematical Society had 170 ordinary members 
and 25 honorary members. During 1920, 32 papers were read, and the published 
accounts show a surplus—a state of affairs which most mathematical societies 
must envy. 

L’Astronomie et les Astronomes by (Bruxelles, G. Van 
Oest et Cie., 1921. 8-+ 119 pages) is a useful bibliography with the following 
headings: (a) Dictionaries and encyclopaedias of astronomy; (b) Biographies 
of astronomers; (c) Treatises on astronomy, subdivided into many sections; 
(d) Histories; (e) Bibliographies; (f) Atlases; (g) Reviews; and (h) Tables. 
Brief notes summarizing the scope of the work are added to the titles in many 
cases. It is intended as a supplement to the work of Houzeau and Lancaster, 
1882-1889. 

The last number (published, May, 1921) of Proceedings of the London 
Mathematical Society, volume 19, contains the following obituary notices: 
“Hieronymus Georg Zeuthen” (1839-1920) by H. W. Rlichardson], xxxvi- 
xxxix; “Srinivasa Ramanujan” (1887-1920) by G. H. H[ardy], xl-Iviii; 
“Philip Edward Bertrand Jourdain” (1879-1919) by D. M. Wf[rinch], lix-Ix. 
We are especially tempted to quote from the very interesting memoir by Professor 
Hardy, but we must confine ourselves to references to quotations already made 
in this connection: 1920, 316, 338; 1921, 219, 224. 

Proceedings of the American Academy of Arts and Sciences, volume 56, no. 10, 
July, 1921, is devoted to The Rumford Fund for researches in light and heat, 
and contains a list of the various awards and grants (to 102 individuals) from 
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the first in 1839 to the two hundred and thirty-first in December, 1920. This 
list includes: a grant in 1883 of $30 to F. N. Cole towards “experiments on 
Maxwell’s theory of light”; a grant in 1913 of $200 to H. N. Davis for thermo- 
dynamical researches; 3 grants, 1877-1895, of $200-$250 each to B. O. PErrce; 
and 7 grants, 1901-1920, of $65-$500 each to A. G. WEBSTER. 

The second and concluding number of the second volume (104 pages) of 
Bulletin de la Société Mathématique de Gréce (compare 1920, 314; 1921, 134) 
contains an article by E. T. BELu, of the University of Washington, entitled 
“Sur la forme 2?+ 3y* et l’équation modulaire pour la transformation du 
troisiéme ordre des fonctions elliptiques,” 70-74. There is also (pages 100-101) 
a sketch of Nrkotaos KARATSANIDES, professor of descriptive geometry and 
surveying at the Polytechneion (Greek Institute of Technology), Athens, who 
died February 18, 1920. He was born in 1852, taught in Bulgaria five years, 
and came in 1885 to Athens where as student, assistant, and teacher he remained 
for the rest of his life. He was the author of articles and of a small book in 
descriptive geometry for the lycea (high schools). 


The seventeenth volume (1884-1900, Marc—P) of the Royal Society Catalogue 
of Scientific Papers has been recently published (Cambridge University Press, 
£9, cloth binding; £ 10s. 10, half morocco). The sixteenth volume (I—-Marbut) 
appeared in 1918. One more volume will probably complete the work and the 
listing of over 300,000 papers published during the seventeen years 1884-1900. 
This invaluable author-index, covering the nineteenth century in eight alphabets, 
is too well known to need extended comment. Four volumes of a subject-index 
for the same period have also appeared. These are the volumes devoted to 
Mathematics, Mechanics, and Physics (2). It is sometimes useful to recall that 
the Royal Society Catalogue covers more than the nineteenth century in the 
case of some publications, for example: Transactions of the American Philosophical 
Society, 1771-1799; Journal des .Mines, 1794-1799; Memorie di Matematica e 
Fisica della Societi Italiana delle Scienze, Modena and Verona, 1782-1799; 
Bulletin des Sciences de la Société Philomathique de Paris, 1792-1799; and 
Mémoires de I’ Académie Royale des Sciences de Turin, 1784-1799. 


In Archivio di Storia della Scienza (1921, 134), volume 2, no. 1, published in 
January, 1921, there is a supplement, page 119, to A. Mieli’s bibliography of 
Leonardo da Vinci (1920, 217) and a brief notice, page 97, of F. Cajori’s A History 
of the Conceptions of Limits and Fluxions in Great Britain from Newton to Wood- 
house. In nos. 2-3, June, the contents include the following: “Sur l’auteur 
d’un traité ‘De Motu’ auquel Bradwardin a fait allusion en 1328” by G. Enes- 
trém, 133-136; “Philip E. B. Jourdain, matematico e storico della scienza 
(1879-1919),” 167-184 [there are 107 titles in the list of his publications]; “La 
storia della matematica presso i Cechi” by Q. Vetter, 199-201; “Gli studi 
geometrici di Eudosso da Cuido” by E. Ruffini, 222-239. Eudoxus (about 
408-355 B.C.) was the first to discover the ‘method of exhaustions’ and to give 
a scientific proof that the cone and the pyramid are one third of the cylinder 
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and prism respectively which have the same base and height. He was also the 
originator of the theory of proportion, covering incommensurables, as expounded 
in books 5 and 6 of Euclid’s ‘Elements’; the first five propositions of book 13, 
involving golden section, are probably due to him. The curve hippopede (horse- 
fetter), or kampyle, or spherical lemniscate, invented by him, played a funda- 
mental réle in the ancient system of astronomy of which he was the author. Full 
discussion in this connection may be found in T. L. Heath, Aristarchus of Samos, 
Oxford, 1913, pages 190-212. 


Attention is directed to an important new work, Physics, The Elements by 
N. R. Camppett (Cambridge University Press, 1920. Royal 8vo. 9-+ 565 
pages. Price 40 shillings). The first part (264 pages) deals with “The proposi- 
tions of science”’ and there are chapters on ‘Chance and probability’ (pages 159- 
214), ‘The meaning of science’ (pages 215-219) and ‘Science and philosophy’ 
(pages 230-265). The second part (283 pages) discusses “ Measurement,” 
with the chapter titles: Fundamental measurement; Physical number; Frac- 
tional and negative magnitudes; Numerical laws and derived magnitudes; 
Units and dimensions; The uses of dimensions; Errors of measurement, 
methodical errors; Errors of measurement, errors of consistency and the adjust- 
ment of observations; Mathematical physics——Another work Physik und 
Hypothese. Versuch einer induktiven Wissenschaftslehre nebst einer kritischen 
Analyse der Fundamente der Relativititstheorie by Huco DinciEr (Berlin and 
Leipzig, Vereinigung wissenschaftlicher Verleger, 1921, Svo. 11-+ 200 pages. 
Price, paper covers, $1.50) is a supplementary volume to the author’s Grundlagen 
der Physik (same publisher, 1919. 12-+ 158 pages. Price, paper covers, 16.50 
marks). The treatment is philosophic, and very little mathematical symbolism 
occurs in the book. “But my researches have an important relation to mathe- 
matics. Only by the path here taken can we arrive at the explanation of the 
nature of the axioms, their proper grounding, etc.” (preface). It will be recalled 
that Dr. Dingler is the author of Das Prinzip der logischen Unabhiingigkeit in der 
Mathematik (Miinchen, Theodor Ackerman, 1915. 6-+ 164 pages); in the work 
under review he promises a volume on the philosophy of mathematics. 


Flatland. A Romance of Many Dimensions. By the Author A. Square. 
With illustrations by the Author. “Fie, fie, how frantically I square my talk.” 
London, Seeley & Co., 1884. Such was the title page of a crown quarto booklet, 
issued anonymously in parchment wrappers (100 pages), which in one form or 
another has delighted and informed more than a generation of readers—mathe- 
matical and otherwise. In 1885 a much less attractive edition, of duodecimo 
format, was published by Roberts Brothers, Boston (155 pages); it was reprinted 
in 1891. In 1896 the work was taken over by Little, Brown & Company, Boston, 
and their first edition appeared in 1899; there were other editions in 1907, 1911, 
1915 and 1919. About 2,700 copies have been printed in America and the book 
is still procurable. In 1903 a Dutch translation, by L. van Zanten Jzn., was 
published at Zalt-Bommel (138 pages); the second Dutch edition appeared at 
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Zalt-Bommel in 1915, and the third at Amsterdam in 1920: Platland. Eene 
roman van vele afmetingen. Met Illustraties. Door Een Vierkant. Uit het 
Engelsch. Vierde Druk. The format and type are similar to that of the English 
edition,’ which has been long out of print. 

' Tn none of these eleven editions or reprints is there any hint as to the author 
of the work, namely, Epwin Assott Appott,’ English schoolmaster and theolo- 
gian who graduated at St. John’s College, Cambridge, where he took the highest 
honors in the classical, mathematical, and theological triposes. It was probably 
for this reason that he never heard of the Dutch translation of his book until 
it was brought to his attention in our correspondence last March. 

Dr. Abbott is now in his eighty-third year. After holding masterships in 
several schools he retired in 1889 to devote himself to literary and theological 
pursuits. He has been a prolific writer. His Shakespeare Grammar, 1869, a 
“permanent contribution to English philology,” and How to Write Clearly, 1872, 
have gone through many editions. He published a dozen other books, including 
two anonymous religious romances, before his single mathematical publication, 
where “the assumption of the author is worked with wonderful consistency, and 
his mathematics are thoroughly sound.” His numerous other books, several of 
which were published anonymously, down to 1917, have dealt almost wholly 
with religious and theological topics. Other information regarding Dr. Abbott’s 
work may be found in Who’s Who and in the last edition of the Encyclopedia 
Britannica. (See 1919, 264.) 


ARTICLES IN CURRENT PERIODICALS. 


AMERICAN JOURNAL OF MATHEMATICS, volume 43, July, 1921: “Integral products and 
probability” by P. J. Daniell, 143-162; “Introduction to a general theory of elementary proposi- 
tions” by E. L. Post, 163-185; ‘Note on Schiilfli’s elliptic modular functions’”’ by A. Berry, 
186-188; ‘Associated forms in the general theory of modular covariants” by Olive C. Hazlett, 
189-198; ‘On (2, 3) compound involutions”’ by T. R. Holleroft, 199-212. 

ANNALS OF MATHEMATICS, volume 22, no. 4, June (published in September), 1921: “An 
analytical solution of Biot’s problem” by T. Hayashi, 213-216; “ Minimal surfaces containing 
straight lines” by J. K. Whittemore, 217-225; ‘‘An extension of Green’s lemma to the case of a 
rectifiable boundary”’ by E. B. Van Vleck, 226-237; “Periodic conjugate nets” by E. S. Ham- 
mond, 238-261; “On the transformation of convex point sets” by J. L. Walsh, 262-266. 

JOURNAL OF THE INDIAN MATHEMATICAL SOCIETY, volume 13, February, April, 1921: 
“ An algebra of arithmetic functions” (concluded) by F. Hallberg, 1-8; “The group theory element 
of the history of mathematics”’ by G. A. Miller, 9-12, 57-61 [Reprinted from Scientific Monthly, 
January, 1921; see 1921, 226]; Leaves from a lecturer’s diary, 13-14; Questions and Solutions, 
15-40, 62-80; “Some applications of Heawood’s theorem” by N. D. Rajan, 41-44; ‘The theory 
of rational transformation” by R. Vythyanathaswami, 45-56. 

MATHEMATICAL GAZETTE, volume 8, July, 1921: “Greek mathematics and science” by 
T. L. Heath, 289-301 [Paper read March 5, 1921, at a joint meeting of the Yorkshire Natural 
Science Association and branches of the Classical Association and the Mathematical Association]; 
“Selection in arithmetical examples” by R. 8. Williamson, 302-305; Note on “The sound ranging 
problem” by W. Hope-Jones, 306-307; Review by G. Greenhill of H. Lamb’s Higher Mechanics 
(Cambridge, 1920), 309-319; Review of R. C. Archibald’s Training of Teachers of Mathematics 
for Secondary Schools (Washington, 1918), 320. 


1 There was a second English edition containing a few extra pages, but the date of this could 
not be determined. 

2 There is here a play on the author’s name Abbott Abbott, initials A. A. = A’, in “By the 
Author A Square.” 
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MATHEMATICS TEACHER, volume 14, April, 1921: ‘Elective courses in mathematics for 
secondary schools” [A preliminary report by the National Committee on Mathematical Require- 
ments], 161-170; “Alignment charts” by J. Lipka, 171-178; “A reorganized course in junior 
high-school arithmetic’? by Florence M. Brooks, 179-188; “Mathematics in the Horace Mann 
School for Boys” by R. Beatley, 189-193; ‘“ Values in high-school mathematics” by W. J. Ryan, 
194-199; “The teaching of locus problems in elementary geometry”? by F. D. Aldrich, 200-205; 
Communications, 206-208; Discussions, 209; Notes and News, 210-215; Book Reviews, 215-216. 

MESSENGER OF MATHEMATICS, volume 50, January, February, 1921: “The expression of 
Bessel functions of positive order as products, and of their inverse powers as sums of rational frac- 
tions” by A. R. Forsyth, 129-149; ‘Note on the transformations of the Sylow subgroups” by 
G. A. Miller, 149-150; ‘The evaluation of certain definite integrals involving trigonometrical 
functions by means of Fourier’s integral theorem” by E. Pollard, 151-156; ‘The primary aberra- 
tions of a thin optical system” by T. W. Chaundy, 157-160—March: “The primary aberrations 
of a thin optical system”’ (continued) by T. W. Chaundy, 161-165; “Notes on some points in the 
integral calculus” by G. H. Hardy, 165-171; ‘On triangular-symmetric curves’”’ by H. Hilton, 
171-176—April: ‘The Bernoullian functions occurring in the arithmetical applications of elliptic 
function transformation of the seventh order” by A. Berry, 187-189; “The dihedral angles of a 
tetrahedron” by T. C. Lewis, 190-192. 

MONIST, volume 31, April, 1921: “Einsteinian space and the probable nature of being. 
An adventure in metaphysics” by V. A. Endersby, 271-279. 

NATURE, volume 107, May 12, 1921: “Prof. W. R. Brooks” (1844-1921) by W. F. Denning, 
340 [compare 1921, 334]—May 19: “Symbols in vector analysis”’ by R. H. Nisbet, 362; Review 
of H. Hilton’s Plane Algebraic Curves (Oxford, 1920), 388-389—June 2: Review by “J. F. T.” 
of A. A. Robb’s Time and Space (Cambridge, 1921), 422—June 9: ‘An algebraical identity 
4X = Y? — 37Z2” by G. B. Mathews, 456 (Quotation: ‘Let p be any ordinary odd prime, and 
let X = (x? — 1)/(a — 1); then there is an algebraical identity 4X = Y? + pZ?, where Y, Z 
are polynomials of degree 3(p — 1) and }(p — 8) respectively; and the sign of the ambiguity is 
+ or — according as p is of the form 4n + 3 or 4n + 1. The cases up to p = 31 inclusive have 
been published;! the result for p = 37 has just been communicated to me by Pundit Oudh 
Upadhyaya, research scholar of the University of Calcutta.’’]}—June 23: “Stellar parallax” by F. 
Dyson, 527-528—July 7: ‘What relativity in science implies’? by H. W. Carr, 578-580 [review 
of Viscount Haldane’s The Reign of Relativity (London, 1921)]; ‘The displacement of spectral 
lines by a gravitational field”’ by H. J. Priestley, 585; “An algebraical identity’’ by H. 8. Pockling- 
ton and J. Cullen, 587 [compare Mathews’s note above: gives the solutions p = 37 to p = 61, 
remarking that the first case where Legendre’s rule fails is p = 41.]—July 14: Review by S. 
Brodetsky of L. Silberstein’s Elements of Vector Algebra (London, 1919), 617—July 21: “An 
algebraical identity” by W. E. H. Berwick, 652 [First sentence: ‘With reference to the letters 
in Nature of June 9 and July 7 . . . on the polynomials satisfying the identity 


— (— = — 1)/@ — 1), 


may I point out that Y(x), Z(x) are tabulated as far as p = 101 in Dr. Hermann Teege’s inaugural 
dissertation, Ueber die 3(p — 1) gliedrigen Gaussischen Perioden (Kiel, Peters, 1900)?” ]—August 
4-11: Review of W. W. Bryant’s Kepler (Pioneers of Progress. Men of Science, London, 1920), 
713 [See 1921, 263-264. The review: “Mr. Bryant’s account of Kepler’s life and work, though 
very readable, is not altogether satisfactory. The description of how the first two laws of Kepler 
were found is not clearly expressed and is incorrect in many details. When alluding to Kepler’s 
ideas on gravity it should have been pointed out that his force was tangential to the orbit and 
not directed to the sun. Of the work on the harmony of the world we are told that ‘the fifth 
book contains a great deal of nonsense.’ That Kepler distinctly states that the harmony is 
only a mathematical conception, and that there is not really any music of the spheres, is not men- 
tioned. The portrait given as a frontispiece is not of Kepler.’’]; “Remarks on simple relativity 
and the relative velocity of light” (to be continued) by O. Lodge, 716-719, 748-751—August 25: 
“Remarks on gravitational relativity’? by O. Lodge, 814-818—September 8: Review of Mediaeval 
Contributions to Modern Civilisation (edited by F. J. C. Hearnshaw, London, 1921), 34-35; Review 
by H. Hilton of W. A. Manning’s Primitive Groups (Stanford University, 1921) 39 [Last sentence: 


1G. B. Mathews, Theory of Numbers, 1892, p. 218; he gives in this connection a certain rule, 
which Legendre in his Théorie des Nombres erroneously stated as applying to all cases; Mathews 
remarks that the rule fails for p = 61. 


1921. ] RECENT PUBLICATIONS. 463 


“Tf the remaining Stanford University publications all come up to the standard of this first 
number, they will indeed fulfil a useful purpose’ ]|—September 15: “Speech through the aether”’ 
by O. Lodge, 88-90. 

LA NATURE, volume 49, June 11, 1921: ‘‘La specola vaticana. Observatoire du Vatican” 
by S. Meunier, 369-374. 

POPULAR ASTRONOMY, volume 29, June-July, 1921: “Sherburne Wesley Burnham” by 
E. E. Barnard, 309-324 [Portrait frontispiece of Burnham]—August-September, “Arthur 
Searle” (portrait frontispiece) by Margaret Harwood, 377-381; ‘Proposed periods in the history 
of astronomy in America” (to be continued) by W. C. Rufus, 393-404 [Introductory period, 1490- 
1600; colonial period, 1600-1780; apparently stationary period, 1780-1830; popular period, 
1830-1860; new astronomy, 1860-1890; correlation period 1890-. Quotation: “Thomas 
Hariot, English mathematician and astronomer, accompanied a band of colonists sent out by 
Raleigh (the second expedition to Virginia) which settled upon Roanoke Island, North Carolina, 
1585, and remained about one year. This accorded with the custom of the time, as a scientist 
frequently was selected and sent out with an exploring or colonizing party. Hariot afterward 
wrote, ‘A Brief and True Report of the New Found Land of Virginia.’ His function was that of 
‘discouverer’ and his equipment included mathematical instruments, a sea compass, a loadstone, 
‘a perspective glass whereby was showed many strange things,’ and spring clocks. During his 
stay in America he recorded the observation of a comet.” | 

PROCEEDINGS OF THE LONDON MATHEMATICAL SOCIETY, series 2, volume 20, no. 1, 
May 26, 1921: “Address by the retiring president: Some problems in wireless telegraphy”’ by 
H. M. Macdonald, 51-58 [Address delivered November 14, 1918]. 

REVUE DE MATHEMATIQUES SPECIALES, volume 13, June, 1921: “Sur les développements 
de cones et cylindres’’ by M. Chenevier, 489-493. 

REVUE GENERALE DES SCIENCES, volume 32, May 15, 1921: Review by P. Boutroux of 
Girolamo Saccheri’s Euclides Vindicatus, edited and translated by R. d’Adhemar, 273-275 [First 
three paragraphs: ‘‘M. Bouasse, professeur 4 la Faculté des Sciences de Toulouse, a placé en 
téte de son livre sur la Résistance des Matériaux une Préface véhémente et qui pourrait provoquer 
quelque ahurissement. Cette Préface a pour titre: ‘De linutilité des Mathématiques pour la 
formation de l’esprit.’ 

“Nous voici donc en présence de 500 pages bourrées de formules algébriques, de différentielles, 
d’intégrales, et la Préface de cette théorie physique est de nature 4 discréditer la science mathé- 
matique aux yeux d’un étudiant débutant, comprenant mal la pensée, au tour paradoxal, de l’au- 
teur. 

“Je voudrais, non point faire une ‘réponse’ 4 M. Bouasse, dont j’admire le grand talent, mais 
débrouiller ce qu’il dit d’excellent et mettre en garde contre les conclusions fausses qu’on pourrait 
facilement tirer de ses écrits, si vivants et lumineux.”’] 

REVUE SCIENTIFIQUE, volume 59, May 14, 1921: “Projet de calendrier mensuel fixe” by 
René Baire, 233-240—June 25, 1921: “Théorie spéciale de la relativité’’ by —. Hondros, 329-337. 

SCIENCE, new series, volume 53, June 17, 1921: ‘A decade of American mathematics” by 
O. D. Kellogg, 541-548 [Address delivered as retiring vice-president of Section A of the American 
Association for the Advancement of Science, December 29, 1920]}—Volume 54, July 8, 1921: 
“‘Newcomb on extra-mundane life” by G. C. Comstock, 29-30—July 29: “Thomas Hariot,’’ 
85-86 [reprinted from Nature]—August 5: ‘A defense of Professor Newcomb’s logic” by W. W. 
Campbell, 113—August 19: ‘Mathematics in Spanish-speaking countries” by G. A. Miller, 154— 
September 2: ‘On the significance of an experimental difference, with a probability table for 
large deviations” by A. Bull, 200-202—September 9: ‘The nature of man” by C. J. Keyser, 
205-213 [Address at the annual meeting of the Phi Beta Kappa Society, Columbia University, 
May 31, 1921]—September 30: “A new definition of pure mathematics” by G. A. Miller, 300-301 
[By H. Poincaré in Acta Mathematica, volume 39, 1921 (see 1921, 381)]; “Bibliography of rela- 
tivity” by F. E. Brasch, 303-304; ‘Einstein’s cosmological equations’”’ by E. Kasner, 304-305. 

SCIENCE PROGRESS, volume 16, July, 1921: “The operative roots of the circle-function” 
by R. Ross, 116-132. 

SCIENTIFIC MONTHLY, volume 12, June, 1921: ‘The debt of mathematics to the Chinese 
people” by G. Loria and R. B. McClenon, 517-521 [Translated and condensed by R. B. McClenon 
from an article by G. Loria in Bollettino della Mathesis, April, 1920]—Volume 13, July, 1921: 
“ Hermann von Helmholtz” by L. C. Karpinski, 24-32 [Born August 21, 1821; centenniai review of 
his work]—August: ‘Swiss geodesy and the United States coast survey’”’ by F. Cajori, 117-129 
[Sigma Xi address delivered at Northwestern University, December 13, 1920]—September: “A 
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few questionable points in the history of mathematics” by G. A. Miller, 232-237—October: 
“‘Evariste Galois” by G. Sarton, 363-375 [First paragraph: “No episode in the history of thought 
is more moving than the life of Evariste Galois—the young Frenchman who passed like a meteor 
about 1828, devoted a few feverish years to the most intense meditation, and died in 1832 from a 
wound received in a duel, at the age of twenty. He was still a mere boy, yet within these short 
years he had accomplished enough to prove indubitably that he was one of the greatest mathe- 
maticians of all times. When one sees how terribly fast this ardent soul, this wretched and tor- 
mented heart were consumed one can but think. of the beautiful meteoric showers of a summer 
night. But this comparison is misleading, for the soul of Galois will burn on throughout the 
ages and be a perpetual flame of inspiration. His fame is incorruptible; indeed the apotheosis 
will become more and more splendid with the gradual increase of human knowledge.’’} 

SCRIBNER’S MAGAZINE, volume 69, June, 1921: “Science and style’’ by G. Sarton,! 755- 
759 [Last paragraph: “A scientific training would slowly inculcate a greater fear of error, a deeper 
respect for truth, and hence would inspire any would-be writer with a deeper sense of responsibility. 
Any author should be considered as guilty of indiscretion so long as he had not proved that his 
knowledge, conviction, and power of expression gave him, indeed, a right to speak. Besides, 
he should be repeatedly made to realize that the attainment of the highest style implies absolute 
devotion. One must be ready to spend one’s whole substance; anything short of that would be 
mean. If one does not write with one’s own blood, what is the use of writing at all?” ]}—Volume 
70, July: “Giant stars” (with illustration) by G. E. Hale, 1-15; ‘ Mathematics” by Florence 
Waterbury, 108 [This is the following poem: 


“The throbbing heart in Music’s breast; 
Stern Architecture’s soul; 

The rope that whirls across dark space 
And lassoes flying stars.”’]. 


SPHINX-CEDIPE, volume 16, May, 1921: “Notice sur Charles Ange Laisant’’ (continued), 
65-68 [List of honors and principal writings]. 

TOHOKU MATHEMATICAL JOURNAL, volume 19, nos. 1-2, May, 1921: “Ein Mittelwertsatz 
fiir Funktionen mehrerer Verinderlichen” by G. Pélya, 1-3; ‘On the projective description of 
eyclides” by A. Emch, 4-10; ‘The circle and the straight line nearest to n given points, n given 
straight lines or a given curve” by S. Nakajima, 11-20 [First sentence: ‘Professor Coolidge 
(Annals of Mathematics, vol. 21, 1919, p. 94) proved a theorem concerning the circle nearest to n 
given points. I will try to replace n given points by a continuous curve, and to find the circle 
nearest to the curve.”’]; “On the roots of a polynomial satisfying a certain differential equation 
of order 2” by K. Oishi, 21-24; “Extension ou tétraédre d’une propriété du cercle podaire’’ by 
V. Thébault, 25-26; ‘Sur l’orthopéle d’une droit et sur les cercles podaires relatifs 4 un triangle” 
by V. Thébault, 27-41; “Illustrative examples of domains of rationality and their groups” by 
G. A. Miller, 42-53; “Die Vergleichung von verschiedenen Definitionen des Kriimmungsradius 
der Kurve” by T. Kubota, 54-64; “Uber die kleinsten ganzen Funktionen, deren simtliche 
Derivierten im Punkte z = 0 ganzzahlig sind” by G. Pélya, 65-68; “ Pascal-Brianchon theorems 
for higher curves and surfaces” by T. Ota, 69-88; “Vector algebra in general relativity’? by C. E. 
Weatherburn, 89-104; “Class numbers and the form zy + yz + 2x” by E. T. Bell, 105-116; 
“Note on the summability of the double Fourier’s series of discontinuous functions” by K. 
Shibata, 117-125; “Some problems in a theory of interest, and some integral equations” [in 
Japanese] by T. Hayashi, 126-135; Shorter notices and reviews, 136-143; Miscellaneous notes, 
143-147. 

ZEITSCHRIFT FUR MATHEMATISCHEN UND NATURWISSENSCHAFTLICHEN UNTERRICHT, 
volume 52, nos. 3-4, March 22, 1921: ‘Anschaulich-experimentelle Herleitung der Gausschen 
Fehlerkurve”’ by G. Pélya, 57-65; ‘Ueber die Bestimmung der Mondentfernung durch Schweren- 
messungen”’ by H. Teege, 66-72; ‘“ Die Konstanz des Winkelverlustes an den Ecken des Polyeders. 
Hine neue Fassung des Eulerschen Satzes’”’ by K. Bochow, 74-75 [The space analogue of the 
theorem, ‘The sum of the exterior angles of any plane polygon is 27,” is “The total angle-loss 
of all the angles of a polyhedron is constantly equal to 4x”’, derived from the Descartes-Euler 
relation]; ‘“Amerikanische Schulmathematik” by H. Wieleitner, 77-78 [mainly a review of 
Unified Mathematics (1918) by Karpinski, Benedict and Calhoun]; “Paul Stickel zum Ge- 


1 There is an anonymous article, “Sur le style mathématique,” in L’Education Mathématique, 
July, 1921, pp. 150, 157-158.—EnpirTor. 
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dichtnis” (1862-1919) by W. Lorey, 85-88 [with portrait]—Nos. 5-6, May 20: “Die Mathe- 
matik des Lyzeums und Oberlyzeums” by E. Fettweis, 97-103; ‘‘Ueber einige Anwendungen des 
Satzes vom arithmetischen und geometrischen Mittel’” by H. Dérrie, 103-108; “Beitrag zur 
Frage nach der Rationalitét der Wurzeln der kubischen und der biquadratischen Gleichung”’ by 
H. Greinacher, 113-116; “Oskar Lesser’ (1867-1920) by G. Wolff, 131-136 [Biographical sketch, 
' list of publications, and portrait]—Nos. 7-8, July 20: “Beweis des Tsabit fiir den pythagoreischen 
Lehrsatz”’ by the late J. E. Béttcher, and edited by R. Hunger, 153-160; “‘Anschauliche Beweise 
fiir den erweiterten pythagoreischen Lehrsatz’’ by R. Hunger, 160-167. 


AMERICAN DOCTORAL DISSERTATIONS. 


R. A. Arms, The notion of number and the notion of class, Philadelphia, 1917. 74 pp. 
(University of Pennsylvania, 1917.) 

C. C. Bramsxe, “A collineation group isomorphic with the group of the double tangents of 
the plane quartic.”” Pp. 351-365. [Reprinted from American Journal of Mathematics, 1918.] 
(Johns Hopkins University, 1917). 

J. A. Butuarp, “On the structure of finite continuous groups.” Pp. 430-450. [Reprinted 
from American Journal of Mathematics, 1917.] (Clark University, 1917.) 

SarauH E. Cronin, Geometric properties completely characterizing all the curves in a plane 
along which the constrained motion is such that the pressure is proportional to the normal component 
of the acting force, Lancaster, Pa., New Era, 1917. 8 +34 pp. (Columbia University, 1917.) 

W. Van N. Garretson, “On the asymptotic solution of the non-homogeneous linear differ- 
ential equation of the nth order. A particular solution.” Pp. 341-350. [Reprinted from 
American Journal of Mathematics, 1918.] (University of Michigan, 1916). 

G. H. Hawert, Jr., “Linear order in three dimensional Euclidean and double elliptic spaces,”’ 
Annals of Mathematics, second series, vol. 21, pp. 185-202, 1920. (University of Pennsylvania, 
1919.) 

E. 8S. Hammonpn, “Periodic conjugate nets,’’ Annals of Mathematics, second series, vol. 22, 
pp. 238-261, 1921. (Princeton University, 1920.) 

C. M. Hessert, “Some circular curves generated by pencils of stelloids and their polars.” 
14 pp. [Reprinted from the Téhoku Mathematical Journal, 1918.] (University of Illinois, 1917.) 

H. G. Horz, First year algebra scales, New York City, Teachers College, Columbia Uni- 
versity, 1918. 87 pp. (Columbia University, 1918.) 

E. P. Lane, “Conjugate systems with indeterminate axis curves,” American Journal of 
Mathematics, vol. 43, 1921, pp. 52-68. (University of Chicago, 1918.) 

ANNE and EuizaBetu Linton, Pascal’s Mystic Hexagram, Its History and Graphical Repre- 
sentation, Philadelphia, Pa., 1921. 4to (12x11 in.) 44 pp. +18 plates—half of which are 
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PROBLEMS AND SOLUTIONS. 


Epitep sy B. F. Finxet, Orro DunKEL, H. P. MAnnina. 


Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 
PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results a.:e espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Montutiy. In so far as possible, 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems. ] 


2928. 

Show that if through the end P (opposite from the origin) of the loop of (a) the folium of 
Descartes, x* + y® = 38axry, (b) the strophoid or logocyclic curve, x(x? + y*) + a(z? — y*) = 0, 
a straight line be drawn meeting the curve again in Q and R, then QR always subtends a right angle 
at the origin (compare 1916, 90-92; also Basset, Treatise on Cubic and Quartic Curves, Cambridge, 
1901, p. 82). Are these results particular cases of a general result for a certain class of cubic 
curves? 


2929. Proposed by R. E. GAINES, University of Richmond. 

Denote by A, O and B, respectively, the points (—1, 0), (0, 0) and (1, 0) on the curve x? = xz? — z, 
and let P be a variable point on the curve. Let PA and PO meet the curve again in Q and R, 
respectively, and let BQ and BP meet AR in M and N, respectively. Prove that QN is perpen- 
dicular to PM. 
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2930. Proposed by R. E. GAINES, University of Richmond. 

If in reducing p/q (p and q integers, g > p) to a decimal the remainder g — p ever appears, 
then the fraction will give a repeating decimal the number of digits in whose repetend will be 
exactly twice the number of digits in the quotient already obtained, and the remaining digits may, 
without further division, be obtained by subtracting the quotient already found from a succession 
of 9’s. 


2931. Proposed by R. C. ARCHIBALD, Brown University. 
From the equality sec (7/14) + sec (37/14) — sec (57/14) = 0 find a relation between the 
lengths of the side and diagonals of a regular inscribed heptagon. 


2932. Proposed by R. C. ARCHIBALD, Brown University. 

De Ville gave in 1629 the following construction for an approximation to the side of a regular 
polygon of n sides inscribed in a given circle: On a diameter AB construct an equilateral triangle 
ABC; divide AB into n equal parts, join C to D, the first point of division of AB, and let CD 
produced intersect the circumference in E; then the chord of the are AF, the double of AE, will 
be approximately equal to the required side of the polygon. Construct a table of values for 
n = 5 to n = 20 exhibiting the extent, in minutes and seconds, to which the above construction 
is in error in connection with the central angle subtended by the constructed side of the polygon. 
[Somewhat similar tables have been made for constructions by Bosse and Bernard.] 


2933. 
Dudeney’s Problem, 1902: With ruler and compasses only, divide an equilateral triangle into 
four rectilinear pieces which may be put together so as to form a square. 


2934. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 

The base of a variable triangle is fixed, the opposite vertex describing a given straight line. 
Find the locus of the center of the nine-point circle and the envelope of the Euler line. [Editorial 
Note—In his inaugural dissertation at the University of Bern, Otto Jugi discussed (Ueber den 
Feuerbach’schen Kreis in variablen Dreiecken, Langenthal, 1903) the locus of the center of this 
nine-point circle when the vertex of the triangle moved (a) along any straight line, and in particular 
when this line is parallel to the base; (b) along a circle, an ellipse, a hyperbola, a parabola; (c) 
along a cubic parabola, Neil’s parabola, a cissoid, a strophoid; and (d) along a lemniscate. Ina 
number of cases the envelope of the nine-point circle was also found.] 


2935. 
Find the integral solutions of the equation z! + 1 = 7’. 
[Proposed in Gazeta Matematicd, April, 1921.] 


2936. Proposed by J. P. BALLANTINE, University of Michigan. 

A person in drinking from a conical drinking glass, tips it at a constant angular rate. At 
what angle will the delivery be the maximum and at what angle will the surface of the water be a 
maximum. 


2937. Proposed by C. F. GUMMER, Queen’s University. 

A straight uniform stone wall AB is to be rebuilt in another position CD, the intersection of 
AB and CD being interior to CD but not to AB. How should the material be moved for the 
average horizontal distance through which it is carried to be as short as possible? If CD passes 
through B, show that the lower limit to the average distance may be expressed by means of 
logarithms and algebraic functions. 


2938. Proposed by C. F. GUMMER, Queen’s University. 


{ar oF 
If a, b, ---, ¢ are real numbers = 0, and if | d" e* f* is equal to zero for five real values 
lg? hr a 
la be 
of r other than zero, prove that the determinant |d e /f | has either two rows or two columns 
lg h 


proportional, or a single row or column of zeros. 
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2939. Proposed by C. F. GUMMER, Queen’s University. 
Show that the determinant 


G2 Gp —b; 0 tee 0 
10 O a —ban | 
|b: be bn ay; 0 0 
10 by Dyn a2 ay tee 0 
| 0 0 by An @a-1 °°° a 


has the property that every »-rowed determinant of the n left-hand columns is equal to its cofactor. 


2940. Proposed by R. E. GILMAN, Brown University. 

Find the average number of operations required to obtain m white balls from an urn con- 
taining p white and q black balls (m < :) as follows: For the first operation m balls are drawn 
simultaneously and examined, and such as are found to be black, are returned to the urn. Each 
subsequent operation is like the first save that the number of balls drawn is equal to the number 
replaced in the urn in the preceding operation. 


NOTES 


24. Problems discussed by Huygens.—In the last published volume (14, 
1920) of Oeuvres Completes de Christian Huygens (cf. 1921, 79) many problems 
are discussed. Among them are the following four: (a) [pages 208-209] dated 
1655, “Given the sum of the sides of a right angled triangle and the difference 
of the segments of the hypotenuse made by a perpendicular dropped from the 
right angle, to construct the triangle’; (b) [pages 271-272] dated 1657, “Given 
two circles and a straight line, to describe a circle tangent to the given circles 
and with an arc cut off by the given line so as to contain an angle equal to a 
given angle’’; (c) [pages 498-500] dated 1662, “To inscribe a regular heptagon 
in a circle”; (d) [pages 521-523] dated 1666, “To find the integer which, when 
divided by three given integers, the remainders are three given integers.” 

Problem (a)—After algebraic analysis Huygens gives a resulting geometrical 
construction and proof. An earlier and different discussion, by synthetic geom- 
etry, was published in 1607 by M. Ghetaldi in his Variorwm Problematum Col- 
lectio, Venice, 1607, pp. 25-27; see also Oughtred, Clavis Mathematicae, third 
edition, Oxford, 1652, pp. 86-87. The more general problem, “Given the vertical 
angle, the sum of the two including sides, and the difference of the segments of 
the base made by a perpendicular dropped from the vertex, to construct the 
triangle,” was solved by Renaldini in his De Resolutione et Compositione Mathe- 
matica, Padua, 1668, pp. 319, 529, and by T. Simpson, in his A Treatise of Algebra, 
London, 1745, pp. 292-293. 


* 


Problem (b)—This problem was proposed to Huygens by R. F. de Sluse, in a 
letter dated ! October 23, 1657, and Huygens here shows merely how the solution 
of the problem may be reduced to the solution of a quadratic equation. 

In a letter to Fermat, dated July 29, 1654, Pascal refers* to two problems 


1 Oeuvres Completes de Christian Huygens, vol. 2, 1889, pp. 72 and 80. 
2 Oeuvres de Fermat, vol. 2, Paris, 1894, p. 298. 
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which he had solved by drawing only circles and straight lines; the second of 
these problems was as follows: “ De trois cercles, trois lignes, [trois] quelconques 
étant donnés, trouver un cercle qui, touchant les cercles et les points, laisse sur 
les lignes un are capable d’angle donné.” But the particular one of these 
problems which we are considering was proposed by Pascal to Sluse, who then 
passed it on to Huygens. Some indication of Sluse’s discussion is given in 
Oeuvres de Blaise Pascal publiées par L. Brunschvieg, P. Boutroux, et F. Gazier 
(vol. 7, Paris, 1914, pages 246-247; see however pages! 233-252; also tome 3, 
1908, p. 302). 

This problem is, however, only a particular case of the following which can 
be solved with ruler and compasses only: Describe a circle which shall cut three 
given coplanar circles under given angles. The first formulation and solution 
of this problem seems to have been by F. Neumann? in 1825. In 1826 Steiner 
referred to the problem as one for which he had a solution® but, so far as known, 
this was never published. Pliicker’s discussion and construction appeared * in 
1827. The problem has also been dealt with in Adolf Anderssen’s program® 
of 1864; and by Griffiths,’ 1871-1874; by Fiedler,’ 1882; by Laquiére,’ 1883; 
by Tarry,? 1889; by M. Fouché,” 1892; by Casey," 1893; by Lachlan,” 1893; 
and by many others. 


1 Pages 248-255 contain a letter “de Sluse a Brunetti.” This same letter is given in Oeuvres 
de Fermat, vol. 2, 1894, pp. 315-320 as of “Fermat a Carcavi.” 

2F. Neumann, J/sis, Berlin, 1826; see E. Kétter, “Die Entwickelung der synthetischen 
Geometrie,” Jahresbericht der deutschen Mathematiker-Vereinigung, vol. 5, 1901, p. 115. 

3 J. Steiner “Einige geometrische Betrachtungen,’’ Journal fiir die reine und angewandte 
Mathematik, vol. 1, 1826, p. 163;. Jacob Steiner’s Gesammelte Werke, vol. 1, 1881, p. 21. Similarly 
for the following problem on these same pages: To describe a sphere which shall cut each of four 
given spheres S;, So, S3, S4, respectively, under the angles aj, a2, a3, a4. 

4 Annales de Mathématiques Pures et Appliquées, vol. 18, pp. 43-45, August, 1827; also 
Pliicker, Analytisch-geometrische Entwickelungen, Essen, vol. 1, 1828, pp. 120-122. See also 
Nouvelles Annales de Mathématiques, 1870, pp. 371-375. 

5 Ueber die Aufgabe einen Kreis zu konstruiren, der drei gegebene Kreise unter den Winkeln 
a, B, y schneidet, Osterprogramm des kéniglichen Friedrich Gymnasiums, Berlin (?), 1864. 

*J. Griffiths: (a) “On the problem of finding the circle which cuts three given circles at 
given angles,”’ Proc. London Math. Soc., vol. 3, pp. 269-278, 1871; he found also equations for the 
groups of circles cutting three given small circles on a sphere at given angles. (b) “On the car- 
tesian equation of the circle which cuts three given circles at given angles,’ Proc. London Math. 
Soc., vol. 5, pp. 33-35, 1874. 

7™W. Fiedler, Cyklographie oder Construction der Aufgaben tiber Kreise und Kugeln, Leipsic, 
1882, pp. 169-172. 

8 E. M. Laquiére, “ Détermination et construction nouvelle du cercle qui coupe trois cercles 
sous trois angles donnés et de la sphére qui coupe quatre sphéres sous des angles donnés,”’ Nouvelles 
Annales de Mathématiques, 1883, vol. 42, pp. 348-352. 

°G. Tarry, “Sur un probléme classique,” Journal de Mathématiques Elémentaires (Bourget), 
1889, pp. 217-222; he considers also Steiner’s problem of a sphere cutting four given spheres 
under given angles. The argument of that part of the article relating to circles is given in E. 
Rouché et C. de Comberousse, Traité de Géométrie, 6e édition, part 1, Paris, 1891, pp. 288-290; 
7e éd., pp. 304-306. 

10M. Fouché, “Sur les cercles qui touchent trois cercles donnés ou qui les coupent sous un 
angle donné,”’ Nouvelles Annales de Mathématiques, 1892, pp. 346-349. 

ul J, Casey, A Treatise on the Analytical Geometry of the Point, Line, Circle and Conic Sections, 
second edition, Dublin, 1893, pp. 108-109. 

2 R. Lachlan, An Elementary Treatise on Modern Pure Geometry, London, 1893, pp. 239-241. 
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Problem (c)—In seeking to construct a regular inscribed heptagon Huygens 
was led to a consideration of the cubic equation 


2?—2z+1=0, (1) 


or, as reduced by the removal of its second term, 
7 7 
= 9 
and the solution of this equation! he tried, apparently, to effect by the intersection 
of curves. 
The editors of Huygens’s Oeuvres note that when Schooten discussed this 
problem several years earlier,” he was led to the equation 
a® — 7x* + 1427 — 7 = 0, (3) 
for the heptagon, and to 
v—a—27+1=0, (4) 


for the tetradecagon, where x represents in each case, for one root, the ratio of 
a side of the polygon to the radius of the circumscribed circle. Equation (4) 
appears also in connection with the heptagon problem itself, as we should study 
it, since the roots of this equation, 2 cos (2/7), — 2 cos (27/7), 2 cos (37/7), are 
the abscissas of the vertices of a heptagon inscribed in a circle of radius 2. 

These same equations were found earlier still, in an endeavor to solve our 
problem of the heptagon. Equation (4) occurs in work of an unknown Arab, 
who flourished * about 980 A.D., and was found also by Vieta (1540-1603), 
whose works, edited by Schooten,* were published in 1646. Equation (3) was 
given by Kepler in his Harmonice Mundi Liber I, Linz, 1619, where, in proposi- 
tion’ 45, considerable space is also devoted to a discussion ef approximate con- 
structions for the heptagon. Kepler was convinced that its construction with 
ruler and compasses alone was impossible. 

In his Treatise of Angular Sections, Oxford, 1684, John Wallis found (p. 48) 


1z is the length of the longer diagonal of the heptagon whose side is of unit length; 
y = 2z— 2/3. 

2 F. van Schooten: (a) Exercitationum Mathematicarum, Liber V, Leyden, 1657, pp. 467-473; 
(b) Vyfde Bouck der Mathematische Oeffeningen, Amsterdam, 1660, pp. 436-442. 

3F. Woepcke, L’Algébre d’Cmar Alkhayémi, Paris, 1851, pp. 126-127. 

4 Francisci Viete Opera Mathematica, Leyden, 1646, “protasis IV,” pp. 359-364. The dis- 
cussion here may be considered as indicating the following construction: “Given a circle with 
center A and diameter CAB; on CB produced take a point D such that DB-CD? = AD-AB?; 
with D as center and AB as radius describe a circle to cut the given circle in E; then the are BE 
is the seventh part of the circumference.’ Or, “to construct an isosceles triangle such that the 
length of the bisector of an exterior base angle (between the base and a side produced) is equal to 
the length of the side.’ (Compare Nouvelles Annales de Mathématiques, vol. 9, 1850, pp. 51-53, 
151, 233-234.) 

5 Also Joannis Kepleri Astronomi Opera Omnia, edidit Ch. Frisch, vol. 5, 1864, pp. 101-107, 
471-473. In this Monruty (1914, 14, 148) J. Q. MeNatt and S. A. Joffe were led, in discussion 
of the regular inscribed heptagon, to equation (3), and they found, by Horner’s method, 
x? = .7530203962821---; so that x is approximately equal to ¥3/2, half the side of an inscribed 
equilateral triangle—a result to which we shall return later. 


} 
| 
the equation RecH = 7RecA — 14RqqAc + 7RqAgqe — Agqge, that is, RSH = 7R°A 
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— 14R'4* + 7R?A® — A’. Wallis then makes the following notable statement 
(p. 49): “The Seven Roots of this Equation; are, so many straight Lines 
from some one Point of the Circumference, to the Seven Angles of an inscribed 
Regular Heptagon.” “Of these Roots (putting H. Affirmative,) the two least 
are Affirmative; the two next, are Negative; the two next to these, are again 
Affirmative; and, the greatest Negative.” [In the equation above, R is the 
radius, and H is “the Subtense of the Septuple Arch,” 7.e., H = 2R sin (7/7); 
one value of A is 2R sin (z/7*). In other words, Wallis’s equation is really 
the equation which we obtain when we put 7/7? for 6 in the trigonometric identity, 
— sin 70 = 28 sin’ 6 — 7-2* sin? @ + 14-2? sin? @ — 7 sin 6. Comparison may 
be made with Marqfoy’s discussion referred to in the first footnote at the bottom 
of this page.] 

Maria G. Agnesi found in her Instituzioni Analitiche (Milan, 1748, vol. 1, 
pp. 279-284; English edition by J. Colson, London, 1801, pp. 168-171) various 
equations to which she was led in the discussion of the problem of the regular 
inscribed heptagon. Two of these are: (a) x® — 7rat+ 14rtz? — 7r® = 0 
(where r is the radius of the circle and one value of x is the side of the hepta- 
gon) which is practically identical with equation (3) of Kepler and Schooten; (6) 
823 — 4rx? — 4r°2 + r? = 0 (where one value of x is the distance of the side of 
the heptagon from the center of the circle, that is, x = cos (7/7)); to be more 
accurate, the latter equation was given by Agnesi with incorrect signs before 
the second and fourth terms—which seems to have been first noticed by P. Frisi 
(Opera, Milan, vol. 1, 1782, p. 177). Grunert showed (Archiv der Mathematik 
und Physik, vol. 17, 1851, p. 360) that this equation reduced, by a transformation, 
to 


an equation whose roots are minus one half of those of equation (2) multiplied by 
the radius r. 

In this survey the next in chronological order would be Sir William Rowan 
Hamilton, who was led, 1862-1864, to equations we shall presently number (5) 
and (6); consideration of his work will be reserved for the concluding part of this 
topic. 

In 1873 Affolter gave’ a geometrical construction for the inscribed heptagon, 
assuming that a cardioid (or the general pedal curve of a circle) could be used, 
in one step, for the trisection of an angle.2 He found the equation, identical 


1F. G. Affolter, “Construction des reguliiren Sieben- und Dreizehn-Ecks,’’ Mathematische 
Annalen, vol. 6, pp. 593-595. Since cos 70 = 64 cos’? 6 — 112 cos® @ + 56 cos? @ — 7 cos 6 the 
equation 6427 — 112x7° + 5623 — 7x — 1 = 0 has for roots the cosines of the angles 2h2/7; 
h =1,2,-+--,7. But cos (1417/7) = 1, and cos (2h2/7) = cos [2(7 — h)x/7]; hence the equation 
of the seventh degree (compare Wallis) reduces to 8x + 422 — 4x — 1 = 0, — (5) below. (This 
method of derivation is indicated by G. Marqfoy, Nouvelles Annales de Mathématiques, vol. 9, 
1850, pp. 52-53). 

2H. Hippauf, ‘“Lésung des Problems der Trisection mittelst der Conchoide auf circularen 
Basis,”’ Zeitschrift fiir mathematischen und naturwiss. Unterricht, vol. 3, 1872, pp. 215-240; on 
page 537 of this volume, C. Albricht points out that he solved the same problem by the same 
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with one of Hamilton’s, 
1 
8 


where c = cos (2hz/7), h = 1, 2, 3, which he reduced to Huygens’s equation (2) 
by the substitution 2c = y — 1/3. 

Freeth showed ! that regular polygons of 7, 21, 35, --+ sides could be con- 
structed, by means of the curve r = a[l + 2 sin (6/2)] which he called a nephroid, 
although in the previous year this term was applied by Proctor to the two-cusped 
epicycloid. 

E. Pascal showed,” in 1887, that we could reduce the solution of the problems 
to construct polygons of 7 or 13 or 97 sides, to the solution of cubic equations 
which, for the heptagon, was found to be 


e+ (6) 


whose roots are double of those of equation (5). Setting 2 = y — 1/3 he reduced 
this to equation (2), which he solved, as Descartes did,’ by means of a circle and 
a parabola. 

By trigonometric considerations Dickson was led * to equations (4) and (6) 
in papers of 1894 and 1914, when he proved the impossibility of the construction 
of the heptagon with ruler and compasses. 

Feldblum employed ® the Gaussian method to reduce the cyclotomic equa- 
tion to equation (6), and proceeded to give a construction based upon the tri- 
section of an angle. Compare Affolter’s method. above. 

It is well known that any plane geometrical problem, which leads to a cubic 
equation, can be solved with ruler and compasses alone, if a parabola, or an 
ellipse, or a hyperbola is first drawn in the plane. Vahlen gave the construction 
for a regular heptagon by means of an ellipse.® 

As an application of Lill’s method’ Adler® and Mitscherling® showed, by 
means of equation (6), that the problem of the construction of a regular 
heptagon could be carried through with the aid of two right-angled rulers. 


1 
= 0, (5) 


method in his “ Die Fusspunktlinien der Kegelschnitte und ihre Anwendungen,” Progr. Hermann- 
stadt, 1863-1864. 

1T, J. Freeth, “The nephroid, heptagon, etc.,” Proceedings of the London Mathematical 
Society, vol. 10, pp. 180, 228-229, 1879. 

2E. Pascal, “Costruzioni geometriche di tre poligoni regolari,” Giornale di matematiche, 
Naples, vol. 25, pp. 82-97. 

3R. Descartes, Oeuvres de Descartes publiées par C. Adam and P. Tannery, vol. 6, Paris, 
1902, pp. 469f. 

4L. E. Dickson in this Montuty: (a) “The inscription of regular polygons,” 1894, 299-300; 
(b) “On the construction of regular polygons of 7 and 9 sides,” 1914, 260-262. 

5M. Feldblum, Ueber Elementar-Geometrische Constructionen (Diss. Gottingen), Warsaw, 
1899, pp. 33-40. 

*R. T. Vahlen, “Ueber kubische Konstructionen,” Archiv der Mathematik und Physik, (3), 
vol. 3, pp. 116-117, 1902. 

7E. Lill, “Résolution graphique des équations numériques de tous les degrés 4 une seule 
inconnue et description d’un instrument inventé dans ce but,’ Nouvelles Annales de Mathé- 
matiques, vol. 26, 1867, pp. 359-362. 

8 A. Adler, Theorie der geometrischen Konstruktionen, Leipsic, 1906, pp. 209-210; 262-263. 

A. Mitscherling, Das Problem der Kreisteilung, Leipsic, 1913, p. 73. 
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In the course of discussion of the inscription of a regular heptagon by means 
of an equilateral hyperbola, C. B. Haldeman was led! to Rz? V7—R® v7=0, 
where one root z is the side of the heptagon, and R is the radius of the circle. 
The equation whose roots are the squares of the roots of this equation is 
28 — 7R?2? + 14R‘z — 7R* = 0, which is equivalent to one of the equations 
discussed by Agnesi. Elsewhere in this issue? Mr. Haldeman returns to the 
discussion of the lieptagon and is led, as Wallis was in the seventeenth century, 
to the expression of sin 7A in terms of sin A. 


It is appropriate next to consider various approximations for the side of a 
regular heptagon. The first of these, so far as we know, occurs in a work on 
surveying by Heron of Alexandria who flourished between 50 B.C. and 100 A.D. 
Introductory to finding the area of the inscribed heptagon he gives a lemma? in 
which he states that the length of the perpendicular from the center of the circle 
on the side, r, of the regular inscribed hexagon is approximately equal to the side, 
87, of the regular inscribed heptagon; that is, s; = (V3/2)r, approximately. Of 
the basis for this statement of approximation, apparently well known, we are 
ignorant. But with Cantor we may surmise‘ a connection with a work “On a 
heptagon in a circle” which some Arabian writers attribute to Archimedes® 
(d. 212 B.C.). Heron does not formulate the approximate relation s7 = s;/2, 
where 33 is the length of the side of an equilateral triangle inscribed in the circle, 
although this readily follows, since s; = 3 r—as Heron shows. 

In a book of geometrical constructions by Abofil Wafa (900-998) we find ® 
a construction for the inscribed heptagon in which the side of the heptagon is 
definitely taken as half the side of the equilateral triangle inscribed in the same 
circle. It is notable that he adds’ : “But this is an approximation and not an 
exact construction.” Leonardo da Vinci (1452-1519) maintained the exactness 
of this construction’ in his Codice Atlantico. The construction is called the Indian 
method (quaestio Indorum) by Jordanus Nemorarius (d. 1236) in his De triangulis® 
where the construction of the regular heptagon is considered on pages 42-44. 
1G. B. Haldeman, “Geometrical construction of the roots of a cubic, and inscription of a 
regular heptagon in a circle” in this Montuty, 1919, 391. 

2 Department of Questions and Discussions. 

3 Herons von Alexandria Vermessungslehre und Dioptra. Griechisch und Deutsch von H. 
Schéne. Leipsic, 1903, pp. 54-55. See also Heronis Alexandrini Opera, vol. 4, Geometrica, ed. 
Heiberg, Leipsic, 1912, pp. 384-385. 

4M. Cantor, Vorlesungen tiber Geschichte der Mathematik, vol. 1, third ed., Leipsic, 1907, pp. 
377, 307. 

5 J. L. Heiberg, Quaestiones Archimedeae, Copenhagen, 1879, p. 29. 

$F, Woepcke, “Analyse et extrait d’un recueil de constructions géométriquées par Abofil 
Wafa,” Journal Asiatique (5), vol. 5, pp. 218-256, 309-359; reprinted, Paris, 1855, pp. 89. 

7 Many refer in recent times to A. G. Kistner, (“Unrichtige Verzeichnung des Siebenecks”’ 
in Geometrische Abhandlungen, Erste Sammlung, Géttingen, 1790, pp. 249-250) as the first to point 
out that the above construction for the heptagon was inexact. 

8 Cantor, Vorlesungen wiber Geschichte der Mathematik, vol. 2, second edition, 1900, pp. 298- 
300 and 465. 


® Mitteilungen des Coppernicus-Vereins fiir Wissenschaft und Kunst zu Thorn, herausgegeben 
von M. Curtze, vi. Heft, Thorn, 1887. See also Cantor, vol. 2, l.c., p. 83. 
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This same method is the basis of constructions or statements in: (a) an 
anonymous work, Geometria deutsch, the time of composition of which is also 
unknown;! (b) the Underweysung der messung mit dem zirckel un richtscheyt . . ., 
1525, by Albrecht Diirer? (1471-1528); (c) Vieta’s Pseudomesolabum et alia 
quaedam adiuncta capitula? 1596; (d) the Geometrica Practica, Rome, 1604, of 
Christoph Clavius (Schliissel, 1537-1612), pages 407-409, with reference to 
one Carolus Marianus Cremonensis;* (e) D. Schwenter, Geometriae Praticae 
Novae, Niirnberg, 1618, p. 171; (f) the work of 1619, referred to above, by 
Kepler (1571-1630); and (g) a problem of C. Mydorge® (1585-1647). 

With reference to Hamilton’s exact equation (5) above, Giinther explained ° 
an interesting relation with the approximation we have been discussing. He 
substituted for the number in the last term of equation (6), namely for 
1/8 = 64/512, 65/512, and found that the resulting equation had the root 

cos (27/7) = (5/8) or sin (2/7) = (3/4), which gives s7 = V3 r/2 as before. 
The angle subtended by a side of a regular heptagon at the center of its cireum- 
scribed circle is about 51° 25’ 43’’; the angle subtended by the above approxima- 
tion to the side is 51° 19’ 4’",—about 6 minutes too small. 

The particular case when n = 7 of the following construction of Antoine de 
Ville,’ revised by Bosse’ for the side of a polygon of n sides, gives a result about 

1 See Cantor, vol. 2, l.c., p. 451. 

2 Compare H. Staigmiiller, Diirer als Mathematiker, Stuttgart, 1891, pp. 5, 23. De Morgan 
wrote in The Athenaeum, London, September 12, 1863, in his “ Notes on the history of perspective, 
no. VIII”: “There is a very neat way of approximately dividing a circle into seven equal parts 
which I have traced through writers on perspective up to Albert Diirer, beyond whom I cannot 
carry it; I do not find it in books upon other kinds of practical geometry, though I am told it 
has re-appeared in a work of our own time. Half the line which joins the two intersections of 
the circles in Euclid’s first proposition is very nearly the side of the inscribed heptagon: it is too 
small; but any one who would feel satisfied with 11. as composition for a debt of 11. Os. 03d. ought 
to be a trifle better satisfied with Albert Diirer’s heptagon. An error of less than one inch in 
40 feet is good drawing.” 

3 Vieta, Opera Mathematica, 1646, pp. 283-284; compare Cantor, vol. 2, l.c., p. 583. 

4 Compare Cantor, vol. 2, l.c., p. 581; also Mitscherling, l.c., p. 61. 

> Compare Cantor, vol. 2, l.c., p. 6738. 

6S. Giinther, Die Geometrischen Naherungskonstruktionen Abrecht Diirers, Ansbach, 1886, p. 9. 

7 Les Fortifications du chevalier Antoine de Ville, contenans la maniere de fortifier toute sorte de 
places . . . Lyon, 1629 (achevé d’imprimer, ler aofit, 1628); there were other editions in 1636, 
1640 (some title pages have 1641), 1668 (2’ Paris), pp. 34-36, and 1672 (at Amsterdam). 

8 A. Bosse, Traité des pratiqves geometra. et perspectives, Paris, 1665, p. 62. De Ville joined 
C to D’, the first point of division of the diameter AB, and thus determined E’ on the circumfer- 
ence; the chord AF” of an are the double of AF’ was, according to De Ville, approximately equal 
to the side of the polygon. The De Ville-Bosse construction is often ascribed to C. Renaldini, 
who gave it in his De resolutione et compositione mathematica, Padua, 1688, pp. 367-368. Renaldini 
considered this construction accurate in all cases, but his error was subsequently pointed out in 
Schultz, Dissertatio de circuli divisione, Konigsberg, 1691. Another work, to which credit in 
connection with De Ville-Bosse’s construction is often given, is N. Bion, T'raité de la construction 
et des instruments de mathématiques, Paris, 1709; fourth edition, 1752, p. 22. The matter was also 
considered by Jean Bernoulli and Gabriel Cramer, Jacobi Bernoulli, Basileensis, Opera, vol. 2, 
Geneva, 1744, p. 765; compare A. G. Kiistner, “Renaldins allgemeine unrichtige Regel, jedes 
ordentliche Vieleck im Kreise zu beschreiben,’’ in Geometrische Abhandlungen, Erste Sammlung, 
Gottingen, 1790, pp. 266-281. Among scores of other references which might be given, I simply 
add: [Note by R. Wolf, on a ms. of 1716 by J. J. Sheuchzer, giving Bosse’s construction] Viertel- 
tahrsschrift der Naturforschenden Gesellschaft in Ziirich, vol. 29, 1884, pp. 39-40; and E. Catalan, 
Théoremes et Problémes de Géométrie Elémentaire, 6e éd., Paris, 1879, pp. 278-279. 
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6 minutes too large, namely! 51° 31’ 5’. De Ville-Bosse’s construction: On the 
diameter AB of a circle, construct an equilateral triangle ABC; divide AB into 
n equal parts; join D, the second point of division from A, to the point C, and 
produce CD through D to meet the circle in E; then AEF is either exactly or ap- 
proximately equal to the length of the side of the required regular inscribed poly- 
gon of n sides. De Ville remarks (page 29): “Ce problem se demonstre point: et 
au calcul il ne revient pas tout a fait precisément aux figures qui ont grand 
nombre de costez . . . il est a estimer pour la facilité et justesse plus grande que 
de tous les autres qui ont esté escrits pour ce sujet.”’ 

A much less inaccurate construction for the side of a regular polygon, dis- 
covered by Karl Bernard, Duke of Saxe-Weimar, was published in 1828 (Cor- 
respondance Mathématique et Physique (Quetelet), volume 4, p. 350). It is as 
follows: Let BOA at right angles to DOC be diameters of a circle in which a poly- 
gon of n sides is to be inscribed; divide BA into n equal parts and produce 0A 
through A to M, and OC through C to N such that AM = CN = BA/n. Let P 
be the point nearer to A in which MN cuts the circle. Join this to the end, Q, 
of the third point of division from A along AB; then PQ is approximately the 
length of the side of the polygon for n 2 5. This construction leads (I. Ghersi, 
Matematica Dilettevolle e Curiosa, Milan, 1913, p. 414), for the circle of unit 
radius, to the formula 


PQ = v [n? — 8n + 48 — (n — 6) Vv (n? — 4n — 4)]. 
n 


A table of values n = 5 to n = 30 is given by Ghersi on page 415. For n = 5 
the angle subtended at the center of the circle by PQ is too small by about 
39’ 46”; for n = 6 the construction is exact; for n = 7, the angle is about 56” 
too small; for n = 8, 2’ 47” too small; the error increases to 3’ 48’’ for n = 10 
then decreases to 7” for n = 21; for n = 22 to n = 30, PQ is too large and the 
subtended angle-excess varies from about 4’ to about 56”. 

In the case of the De Ville-Bosse construction a formula corresponding to 
that given above for PQ was found by Gabriel Cramer (l.c., 1744) to be 
[n? + 4n + 16 — (nt+ 8n? — 144n? + 512n — 512)]/V (2n? — 4n+ 8). For 
V (nt + 8n? — 144n? + 512n — 512) A. G. Kistner wrote (Geometrische Abhand- 
lungen, Erste Sammlung, Gottingen, 1790, p. 271) (n — 4) v (n? + 16n — 32). 


1 Housel considered the accuracy of De Ville-Bosse’s construction, for n = 3 to n = 17, in 
“Division pratique de la circonférence en parties égales,’”’ Nouvelles Annales de Mathématiques, 
vol. 12, 1853, pp. 77-79; for n = 5 to n = 17 the errors range from — 5’ 48” to + 36’ 37”. 
Tempier proposed another construction which gave very much better results when n was large 
(Nouvelles Annales . . ., vol. 12, pp. 345-347, and vol. 13, p. 295). For n > 8 Tempier proposed 
the following construction: On the diameter AB of a circle, center O, construct an equilateral 
triangle ABC; divide the radius OB into n equal parts, the end of the fourth part from O, being 
D; join CO and CD, producing them to meet the circle in Z and F respectively; then 7 EOF = 6 
is approximately the angle subtended by a side of the inscribed polygon. Tempier gave the 
formula 
12n + V48n? — 512, 

3n? + 16 


From this it was found that the formula was exact for n = 12, and that for n = 8 ton = 
the error in 6 was never greater than 2’ 48’, while for n = 100 it was only 53”. 


sin 6 = 
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Réber’s construction of 1854 is discussed below. 
In 1864 Henry Norton suggested ! 


w_105_ 3X5X7 
7 242 11X11X2’ 


which for construction might be thought of as 


On this supposition sin (7/7) = .4838842975 which is correct to six places of 
decimals. 

In the same year S. M. Drach gave the following construction also correct 
to six places of decimals”: Let CD be the perpendicular from the vertex C of an 
equilateral triangle on the base AB; cut off CM = (1/7 — 1/9) (= 2/63)CD and 
make 7 DMK = 4 z DCA. Then CK (K isa point in AB) is the approximate 
length of the side of heptagon inscribed in the circle of radius AB. 

E. Collignon applied the discussion of certain series of numbers to the con- 
struction of the regular heptagon (plate), in “ Examen de certaines séries numér- 
iques et application a la géométrie,” Compte Rendu de l’ Association Francaise pour 
l’ Avancement des Sciences, 1888, p. 22. 

In 1891 A. A. Robb showed * that, “by the aid of Peaucellier-cells a machine 
may be constructed which will solve the problem of the inscription of a regular 
heptagon in a circle, within the limits of Euclidean geometry.” 


sin 


In 1892 Efremoff published a paper‘ giving sz = (2 V5 — 1)/4, which is readily 
constructed, and hence within a minute the central angle subtended by a side 
of the heptagon. 

In 1894 J. D. Everett described a linkage (Report of the . . . British Associa- 
tion for the Advancement of Science, for 1894, pp. 559-561) for the automatic 
determination of the vertices of regular polygons. 

The following construction of a fourteen-year-old youth leads to a chord 
subtending at the center of a circle an angle 2’ 31.7” in excess of the true value 
(Educational Times, March, 1907, vol. 60, p. 143; also Mathematical Questions 
and Solutions from the Educational Times, new series, vol. 12, 1907, pp. 51-52). 
Given a circle with center 0 and radius OA = r. Let the tangent at A meet in 
C the circle with center A and radius equal to r._ Let this latter circle be met in 
D by a circle with center C and radius CA. Let DC cut the given circle with 
center 0 in B. Then AB is the approximation to the side of the heptagon 
inscribed in the given circle. 


1“On fractional values for the heptagon and circle,” Philosophical Magazine, (4), vol. 27, 
1864, p. 281. 

2 “On Albert Diirer’s heptagon-chord.—Second notice,”’ Philosophical Magazine, (4), vol. 27, 
1864, p. 320. 

3 Mathematical Questions and Solutions from the “Educational Times,” vol. 55, London, 1891, 
p. 61. 

4D. Efremoff, [Construction of the sides of the regular heptagon and nonagon to within 
0.001 of the radius of the circumscribed circle,” Spaczinski’s Messenger], Odessa, no. 146, pp. 32-33 
(in Russian). 


: 
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The following pair of constructions of K. Hagge leads to remarkably close 
approximations (“ Benaderingsconstructies voor den regelmatigen zevenhoek,” 
Wiskundig Tijdschrift, vol. 10, 1913-1914, pp. 165-166). (a) With A as center 
construct circles of radius r, 2r, 4r, and 9r. Let a straight line through A meet 
the circle of radius 2r in B and C, and the circle of 4rin Dand E. Make BF = CF 
= 7r. Then DF is approximately the side of a regular heptagon inscribed in 
the circle of radius 9r. The angle subtended by the side at A is only 9” in excess 
of what it should be. In the second construction the excess is only 0.44”. (6) 
With center A construct circles of radii r, 3r, 6r, 7r. Let a straight line through 
A meet the circle of radius 3r in B and B’, of radius 6r in D and C, and of radius 
7r in F and E. Make CG = DG = 8r, FH = BG (H on circle of radius 7r), 
EK = EH (K on EF). With center A and radius AK — r, describe a circle. 
Then in this circle the chord of length 4r is approximately the side of a regular 
heptagon. 

Ghersi gave other constructions (l.c., 1913, pp. 416-417). 

We conclude with Sir William Rowan Hamilton’s discussion! of F. G. Réber’s 
construction’ of the heptagon. Sir William took up this question at the request 
of C. B. Wale, son-in-law of the Archbishop of Dublin, who asked his opinion 
of the value of a couple of essays of Réber. The following are extracts from 
Hamilton’s letter to Wale (l.c.): 


“A wish to gratify the archbishop and yourself was the first motive for my attempting to 
examine to some extent the Essays of Réber which you had the goodness to leave for me a few 
days ago, and to form some opinion on their value, unimportant as that opinion might be. But 
the Memoir on the ancient temples of Egypt (Réber, Dresden, 1854) has interested me profoundly. 
Indeed I have scarcely been able, since I opened it, to attend to anything else; and it led me into 
some long calculations which I have only just completed to my satisfaction. As I have paid no 
special attention to Egyptian Antiquities, nor meditated much on such mystical guesses as some 
have made at their inner meaning, the only point which I could hope to study usefully was the 
geometrical discovery announced in the first memoir, namely, ‘the construction of the regular 
heptagon,’ which the elder Rober appears to have divined, from the study of the ancient Temple 
Architecture.’ 

“T entered on the subject, perhaps with prejudice; for like most (if not all) modern 
geometers, I have been accustomed to hold, and indeed still do hold, that it is impossible to con- 
struct such a heptagon with the ‘right line’ and ‘circle’ alone. Yet, to my great surprise, I found 
no error in Réber’s numbers; and on repeating the calculations on another plan, with Taylor’s 
seven-figure logarithms, I found myself quite unable to pronounce whether Roéber’s arc erred in 
excess or in defect from the exact seventh part of the circumference; for that it must err I felt 
assured, 

“Tt seemed, therefore, worth while to go much more closely to work; and laying tables 
entirely aside, to perform the whole of the work for myself, by arithmetic alone, and especially by 
extractions of square roots. And to be quite sure of a high degree of accuracy in the final result, 
I made it a rule to work with not fewer than fifteen decimal places, besides employing all verifica- 


1R. P. Graves, Life of Sir William Rowan Hamilton, vol. 3, Dublin, 1889, pp. 141-147 (in- 
cluding a letter, dated September 15, 1862, to C. B. Wale); 584-587 (including extracts of letters 
exchanged by Hamilton and De Morgan in 1862). ‘On Réber’s construction of the heptagon”’ 
by W. R. Hamilton, Philosophical Magazine, (4), 27, 1864, pp. 124-132. 

2 First given, apparently, in his son’s Beitrdge zur Erforschung der geometrischen Grundformen 
in den alten Tempeln Aegyptens, und deren Beziehung zur alten Naturkenntniss, Dresden, 1854, 
pp. 15-16, and repeated in a posthumous work (p. 20) edited by the younger Réber, and published 
at Leipsic in 1861, entitled Elementar-Beitrdge zur Bestimmung des Naturgesetzes der Gestaltung und 
des Widerstandes, und Anwendung dieser Beitrdge auf Natur und alte Kuntsgestaltung. 

’ The subject of the Second Essay was ‘‘The Pyramids and Parthenon.”’ 
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tions that I could think of in the progress of calculation, which, thus laboriously conducted, has 
covered many sheets of paper, and cost many hours on two or three successive days. 

“ At last, however, it is finished; and I should have no hesitation to commit myself publicly 
to the result, which is, technically expressed, that the natural cosine of the angle assigned by 
Réober’s construction is, to thirteen decimals, 0.62349 00759 241, whereas the true cosine of the 
seventh part of four right angles deduced to a corresponding accuracy from a known cubic equation 
I find to be a little less, namely, 0.62348 98018 587. Admitting, though I do not believe it, that 
the two or three last of these of these decimals may be wrong after all the precautions taken, I am 
quite satisfied that the cosine of the Egyptian Angle—for really Réber seems to make it likely 
that the Egyptians did employ it—is somewhat greater, and that the cosine of the true or geometrical 
angle (for of course we can in geometrical conception divide the circumference into any number 
of equal parts) is somewhat less than 0.62349, and consequently that the supposed Egyptian rule 
of the heptagon is not mathematically perfect, though Réber seems to suppose it to be so. And if 
you should ever think me worth citing on the subject, I request you to bear in mind that such is 
one of the results of my investigation. 

“But now let us turn the tables and inquire how near does the supposed ancient rule come to 
the truth? How small, in practice, is the error which theory pronounces to exist? And I answer 
that in practice the error does not exist aiall. I do not think that experiments of measurement, &c., 
could be so conducted by men, at least in the present age, as to prove to sight that there was any 
error. For practical purposes, then, the elder of the Rébers, or the old Egyptian sage whose 
secrets he supposed himself to have divined, has done the impossible. . . . Yet the practical 
success of the rule is to me absolutely wonderful: and it is long since any discovery in science 
produced in me such a sensation of surprise. . . . I may thus recapitulate: 

“(1) The (alleged) Egyptian Rule for the construction of the Regular Heptagon is, in rigour 
of theory, erroneous. 

(2) The same rule of construction of the Heptagon is, however, for all practical purposes, 
perfect. 

“No artist of the present day, I feel sure, would undertake to divide a circle into 7 (seven) 
equal parts, with a superior, or even an equal accuracy, to that which the construction, if fully 
carried out, would give.”’ 

Hamilton’s article on the subject describes Réber’s diagram as “not very 


complex, and may even be considered elegant ’’; and then continues: 

“but the essential parts of the construction are sufficiently expressed by the following formule: 
in which p denotes a side of a regular pentagon; r, r’ the radii of its inscribed and circumscribed 
circles; r’’ the radius of a third circle, concentric with but exterior to both; p’ a segment of the 
side p; and q, s, t, u, v five other derived lines. The result is, that in the right-angled triangle 
of which the inner diameter 2r is the hypotenuse, and u, v supplementary chords, the former chord 
(uw) is very nearly equal to a side of a regular heptagon, inscribed in the interior circle; while the 
latter chord (v) makes with the diameter (2r) an angle ¢, which is very nearly equal to the vertical 
angle of an isosceles triangle, whereof each angle at the base is triple of the angle at the vertex. 
In symbols, if we write wu = 2r sin ¢, v = 2r cos ¢, then ¢ is found to be very nearly = 7/7. It 
will be seen that the equations can all be easily constructed by right lines and circles alone, having 
in fact been formed as the expression of such a construction; and that the numerical ratios of the 
lines, including the numerical values of the sine and cosine of ¢, can all be arithmetically computed, 
with a few extractions of square roots.’’ The formulw are: (r +r’)? = 5r?, p? = 4(r” —%), 
(p'/p) = (r + 4r‘)/(r +17’), p”, ps = (p—qt+r)?, = + 8, 
2 = (r’r"/r)? — (r” — r)?, uw? = 2r(2r — t), v? = 2rt, u = 2r sin ¢, v = 2r cos ¢. 

Hamilton showed that 


sin = ().43388 37391 17558 1205, 


that 


sin @ = 0.43388 35812 03469 1138, 
and that 


= + 0'.03615 23230 806. 


‘ 
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“ Another way of rendering conceivable the extreme smallness of the practical error of that 
process, is to imagine a series of seven successive chords inscribed in a circle, according to the 
construction in question, and to inquire how near to the initial point the final point would be. 
The answer is, that the last point would fall behind the first, but only by about half a second (more 
exactly by 0.506). If then we suppose, for illustration, that these chords are seven successive 
tunnels, drawn eastward from station to station of the equator of the earth, the last tunnel would 
emerge to the west of the first station, but only by about fifty feet.” 

On September 15, 1862, Hamilton wrote to De Morgan as follows: 

“ Are you aware that it is possible with only six extractions of square roots (two being those 
required for chord and tangent of 36°) to approach so nearly to the cosine of the seventh part 
of four right angles, or to the positive root of the cubic, 

223 + 2? — = }, 
that the sevenfold arc resulting shall err (in defect) by only about half a second from the true and 
whole circumference? so that for all practical purposes a regular heptagon can be constructed by the 
right line and circle alone.” 


De Morgan replied in part: 

“T can believe anything of six square roots. But I cannot believe that the Egyptians em- 
ployed them—though they may have hit on a method which requires six square roots to represent 
it arithmetically.” 

Hamilton and De Morgan arrived independently at the result 

cos — = 0.62348 98018 58733 53052 50 
which on September 29 brought forth De Morgan’s comment: “I take it that 
you and I are the only persons who know cos 27/7 to 22 places.” 
* 

Problem (d)—Let a, b, and c be the given integers and n, o and p the cor- 
responding remainders after their division into the required integer. Huygens 
finds that the integer befn + acgo + abhp satisfies all the conditions, if f is an 
integer such that bef divided by a gives the remainder unity, and similarly for g 
and acg/b, and for h and abh/c. As a numerical example Huygens refers to the 
Julian period, proposed by the noted J. J. Sealiger (1540-1609), and a rule given 
by P. de Billy; it was translated as, “A problem for finding the year of the Julian 
period by a new and very easy method,” and published in Philosophical Trans- 
actions of the Royal Society, 1666, p. 324. The rule is as follows: Multiply the 
year of the solar cycle [n] by 4845 [= bef ], that of the moon [o] by 4200 [= acg], 
that of the cycle of indiction [p] by 6916 [= abh]. Then divide the sum of the 
products by 7980 [= abc] which is the Julian period. What remains from the 
division, neglecting the quotient, will bx the year sought. Huygens takes a = 28 
for the whole solar cycle; 6 = 19 for the whole lunar cycle; and c = 15 for the 
cycle of indiction. He takes also n = 13 for the number in a solar cycle of the 
particular year chosen; and similarly o = 4 for the lunar cycle and p = 9 for 
the cycle of indiction. Then 


[befn + acgo + abhp|/abe = [62985 + 16800 + 62244]/7980 
= 142029 + 7980 = 17 + 6369/7980. 
Hence 6369 is the year of the Scaligerian period corresponding to the data. 
This same problem is discussed in the section on Julian period in the article 
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“Calendar” of the Encyclopedia Britannica, ninth and eleventh editions. It is 
there shown that the year 1 of our era “had 10 for its number in the solar cycle, 
2 in the lunar cycle, and 4 in the cycle of indiction”; hence “the question is 
therefore to find a number such, that when it is divided by the three numbers 
28, 19, and 15 respectively the three quotients shall be 10, 2, and 4.” Without 
recourse to the general discussion of Huygens it is found that the number is 4714. 

Compare, F. K. Ginzel, Handbuch der mathematischen und technischen Chrono- 
logie der Zeitrechnungsweise der Vilker, Leipsic, vol. 3, 1914, p. 182. 

R. C. ARCHIBALD 


SOLUTIONS. 


499 (Geometry) [1916, 341; 1919, 414; 1920, 187]. Proposed by NATHAN ALTSHILLER- 
COURT, University of Oklahoma. 


Find the surfaces all the plane sections of which are circles. 


SoLuTion By J. L. Watsu, Harvard University. 
y 


This problem was solved by Professor Cairns [1920, p. 187], who interpreted the term 
surface as algebraic surface. Inasmuch as there exist other interesting surfaces (analytic, regular, 
etc.), perhaps it is worth while to give a geometric proof of the theorem: 

If every plane section of a point set S is a circle, then S is a sphere. 

We restrict ourselves to the real domain, and interpret our hypothesis to mean that whenever 
a plane actually intersects S, the intersection is a circle, which may be a null circle. 

If a section of S by a sphere Y contains three distinct points, then the section also contains 
the entire circle through these points. For through these three points we can pass a plane which 
will cut S in a circle and also cut Zin a circle. These two circles have three points in common 
and hence are identical. 

Let P be any point of S. Transform S into a point set S’ by means of an inversion in space 
with P as center of inversion. The point P is transformed into P’, the point at infinity; we con- 
sider as is habitual in the geometry of inversion a single point P’ to lie at infinity. Every plane 
section of S’ corresponds to a plane section or a spherical section of S. Every straight line of 
points belonging to S’ corresponds to a circle of points belonging to S; there is no straight line 
all of whose points belong to S, for a straight line lies in a plane and every plane section of S is a 
circle. 

If S’ consists merely of the point P’ every plane which cuts S cuts it in the null-sphere P, 
and the theorem is proved. If S contains another point Q besides P every plane through these 
points will intersect S in a circle which is not a single point, and there will be more than one of 
these circles. If then besides P’ another point Q’ belongs to S’, there must be lines through Q’ 
belonging to S’, more than one of them. 

Likewise, if S contains two distinct points besides P these points must lie on a circle through 
P, the intersection of S with the plane which contains the three points. Therefore if S’ contains 
two distinct points besides P’ it must contain the line determined by these two points. 

Now we have shown that if S’ contains one point Q’ distinct from P’ it contains more than 
one line through this point. It contains then the line determined by any two points of two lines 
through Q’, and therefore all the points of at least one plane through Q’. 

But a plane belonging entirely to S’ corresponds in the inversion to a sphere belonging to S. 
Thus we have proved that if S contains more than one point it contains all the points of a 
sphere. S cannot contain a sphere and any point outside of the sphere, for a plane through 
such a point intersecting the sphere would intersect S in more than a single circle. 

The method of proof used in the present note easily yields the following theorem: 

If a point set consists of more than two points and is such that every spherical section which 
contains three points of the set also contains the circle through those three points, then the set is a circle, 
a plane, a sphere, or every point of space. 
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Note BY THE EpiTors.—Strictly speaking the problem as worded is more 
general than the theorem proved by J. L. Walsh, as it includes surfaces which 
are cut by a plane in more than one circle; for example, a combination of several 
spheres. Neither W. D. Cairns nor J. L. Walsh has solved this more general 
problem. Indeed there might be some further difficulty in its interpretation. 
For we interpret circle as including the case of a single point, and any intersection 
of two figures might be regarded as consisting of point circles. We might exclude 


‘ such circles, but we would not want to exclude the case of a plane tangent to 


a sphere. 
Eau Swirt gave, in effect, the same discussion as J. L. Walsh above. 


2814 [1920, 134]. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 


The bisectors of the angles formed by the diagonals of an inscribed quadrilateral are: (1) 
parallel to the lines joining the midpoints of the ares subtended by the opposite sides of the 
quadrilateral on its circumcircle; (2) parallel to the bisectors of the angles formed by any pair 
of opposite sides of the quadrilateral; (3) equaily inclined to pairs of sides of the quadrilateral. 


SoLuTIon By J. W. Ciawson, Ursinus College. 


Let L,L2L3L,4 be the inscribed quadrangle. L3l,4 intersect at N’; Lely at 
D2, Dz4 are the midpoints of arcs LiLe, L3L4, respectively. Let the bisector of L;N’’L,4 cut the 
circle at X; let Di2Ds4 cut Libs at Y; let the internal and external bisectors of LiN’L, cut LiL; 


in W, V. 
Now 
L3N"X = 4L3N"Lg = + LiLsL2). 
Also 
L3YDs4 L3D 34 + = + L3L2). 
Again 
1 
= 5 (LaLaly + LalaLs). 
But 
Hence, 


L3VN’' = 3(LyL3L2 + LsLiLs). 


Therefore, Dj2D3s4, and VN’ are all parallel. 

Similarly, the other facts may be established. 

Note. (1) was proved by Neuberg, Mathesis, volume 6, (1906), page 14. I believe that (2) 
was first published in an article of mine ‘The Complete Quadrilateral,’ Annals of Mathematics, 
volume 20 (1919), page 257. There are several other lines belonging to an inscribed quadrangle 
which are parallel to the bisectors of the angles between its diagonals. An account of these will 
be found in the paper referred to. 


Also solved by F. V. Mortey, H. L. Otson, A. V. RicHarpson, and ARTHUR 
PELLETIER. 


2843 (1920, 326). Proposed by E. H. MOORE, University of Chicago. 


Show that the maximum of the absolute value of 2(a + ib)(x + iy) + i(a + ib) (z + iw) 
+i(c + id)(x + iy), where i = V—1, and a, b, c, d, x, y, z, w are real numbers for which 
V+RP+e4¢@Qae2%+yY+2+u* =1, is 1+ v2. Study the locus of the point-pairs, 
P =a, b, c, d), Q = (2, y, z, w) of the unit-sphere in real four-space for which this absolute 
value assumes its maximum value. 
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PARTIAL SOLUTION BY F. L. Witmer, Omaha, Neb. 


As usual let a and 6 denote the abscissa and ordinate, respectively, of the terminus of the 
vector a + ib in its standard position, and |a + 7b| its absolute value. 

Because a? + b? must be equal to the square of the cosine of some angle, say a, therefore 
c +d? = sin?a. Similarly for z, y, z, w and an angle, say B. 

For given values of the moduli the sum of any number of complex numbers has its maximum 
absolute value when the arguments are equal or differ by multiples of 27, and this maximum is the 
sum of the moduli. 

Let the arguments of a+ ib, i(c +id), x +iy, i(z + iw), 

The arguments of the three terms of the given expression will be 6; + 62, 0: + 62’, 0:’ + 02, and 
these will be equal if 6,' = 6; and 6’ = 62 (to multiples of 27). 
The modulus of the given expression will then be 
R =2cosacos8 + cosasing + sina cosB 
= cos (a + B) + cos (a — B) + sin (a + B). 
Now in order that R be a maximum we must have 0R/da = 0 and dR/d8 = 0, simultaneously. 
That is, 


— sin (a + B) — sin (a — B) + cos (a + B) 
— sin (a + 8) + sin (a — 8B) + cos (a + 8B) = 0; 


whence a = 8 = z/8, giving! 
Rn = cos 7/4 +1+ sin 7/4 = V24+1. 

2896. (1921, 227) Proposed by the late L. G. WELD. 

A circle is inscribed in a triangle. In each of the three spandrels between this circle and the 
vertices another circle is described; in each of the three spandrels between the last circles and the 
vertices another circle; and so on ad infinitum. Show that the ratio of the sum of the areas of 
all the circles to the area of the triangle is 


0, 
and 


= 1 1 sc | 

This problem is identical with problem 483 Geometry already proposed by 
Professor Weld (1916, 79), and solved by J. A. Caparo (1916, 344-346). It was 
re-proposed through an oversight. 


NOTES AND NEWS. 


It is to be hoped that readers of the MONTHLY will codperate in contributing to the general 
interest of this department by sending items to H. P. MANNING, Brown University, Providence, 
R. I. 


At the University of Pennsylvania, Mr. J. D. EsHieman, of the University 
of Chicago, has been appointed instructor of mathematics. Mr. J. M. THomas 
resigned his instructorship to accept a Harrison Fellowship in the Graduate 
School. 


1We might say, R = v2 cos (7/4 — a — 8) + cos (a — 8), and as ea and 8B are independent 
this expression has a maximum equal to V2 + 1 when a + 8 = z/4 anda — 8B = 0. 

The condition that the given expression have its maximum absolute value is that the points 
(x, y, z, w) and (a, b, c, d) shall be two points of the circle whose equations are 


z=y tana, w= tana, —EDIToR. 
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Dr. E. F. NicHo.s, inaugurated as president of Massachusetts Institute of 
Technology in June (1921, 336), resigned in November, on account of ill health. 
The Institute is directed by a committee consisting of Professors H. P. Ta.sor, 
E. F. Miter, and E. B. Witson. 


A. V. MILLER, associate professor of drawing and descriptive geometry at 
the University of Wisconsin, has been appointed assistant dean of the college of 
engineering. 

At the University of Wisconsin, Assistant Professor ARNOLD DRESDEN has 
been promoted to an associate professorship and Mr. E. B. MILLER has been 
appointed instructor of mathematics. 

At the University of Illinois, Dr. J. M. Stetson, of Yale University, Dr. 
BEuLAH ARMSTRONG, of the University of Illinois, and Dr. C. C. Camp, formerly 
assistant professor at Iowa State College, have been appointed instructors of 
mathematics. 

Dr. HarLow SHaPLey, whose appointment as observer at the Harvard College 
Observatory has already been noted in this MonTHLY (1921, 233), was, in Novem- 
ber, made director of the Observatory—a post which has been vacant since the 
death of E. C. PickErtINnG in 1919 (1919, 134). The recent acting director, Pro- 
fessor S. I. BarLEy (1921, 233), expects in a few months to return to Harvard’s 
South American astronomical station at Arequipa, Peru. Dr. Shapley was born 
at Nashville, Mo., thirty-five years ago. Graduating from the University of 
Missouri, he was a fellow at Princeton University, 1912-1914, where he received 
his doctorate in 1913. He was at the Mt. Wilson Observatory, 1914-1921. 
He perfected methods of measuring star distances photometrically, and applied 
these methods to the problem of the distances and structures of great star- 
clusters. “Dr. Shapley is also known as an entomologist, and has done interest- 
ing work in investigating the ants of the California mountains. He discovered 
that the speed at which these creatures move depends on the temperature, and 
that for some species the time of running through a ‘speed-trap,’ as shown by 
the stop-watch, gives the temperature of the surrounding air within one degree. 
He found that the ants went twelve times as fast at 100 degrees as at 50 degrees.”’ 
—Harvard Alumni Bulletin, November 10, 1921. 

Jupson BoarDMAN Colt, teacher of mathematics and astronomy in Boston 
University since 1882, died on July 26, 1921. He was born in Oswego County, 
New York, June 5, 1849, and graduated from Syracuse University (A.B., 1875; 
A.M., 1878; Ph.D., 1881). He was professor of mathematics at Dickinson 
Seminary, Williamsport, Pa., 1875-1879, assistant in the observatory at Ann 
Arbor, 1879-1880, and teacher of mathematics in a Cleveland high school, 
1880-1882. Appointed assistant professor of mathematics and astronomy in 
Boston University in 1882, he was promoted to a professorship in 1884. In 1915 
he was made professor of astronomy. He was acting dean of the graduate school 
1911-12. His son, Dr. W. A. Corr, has been professor of mathematics at Acadia 
College, Wolfville, Nova Scotia, since 1908. 
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THE ZrwET COLLECTION. 
By L. C. Karpinskt, University of Michigan. 


The development of a modern university library requires over long periods 
of time the devoted service of scholars in many fields. Even in a limited field, 
such as mathematics, the building of a working library is a serious task of 
many years. 

For a third of a century Professor Alexander Ziwet has given scholarly atten- 
tion to the library needs of the University of Michigan. Unusual linguistic 
ability coupled with equally unusual devotion to bibliographical and scholarly 
affairs combine to make Professor Ziwet’s record of service to the library a notable 
one. At the same time Professor Ziwet was building up a private collection, 
strong in general mathematics and in the first rank of collections on mechanics. 
This personal library, comprising a total of over five thousand volumes, Professor 
Ziwet has recently given to the University of Michigan. 

The library is composed as follows: Miscellaneous volumes, about equally 
mathematics and mechanics, 2092; Miscellaneous pamphlets, 838; Serials, sets 
of volumes, etc., 1414; Classical volumes, 364; and Classical pamphlets, 127. 

Any one who has worked in the University of Michigan Library is aware of 
the fact that this recent gift by Professor Ziwet is only the culmination of a 
series of notable gifts extending over many years. 

It would take more space than is at my disposal to list noteworthy volumes 
included. As indicated, the mechanics collection is particularly complete in- 
cluding the best Dutch, Scandinavian, German, French, Spanish, Italian, Russian, 
and English works which have appeared during the past fifty years. In addition 
there are numerous first editions of classical works on mechanics such as those 
by Newton, Lagrange, D’Alembert, Euler, D. Bernoulli, Hermann, Marie, 
Coulomb, Carnot, and Chasles. A practically complete set of works by Duhem 
is worth noting. 

The collection adds many items on the history of the mathematical and 
astronomical sciences, to a collection now one of the first in the United States. 
This collection has been built up through the codéperation of Professors Beman, 
Ziwet, Hussey, and the writer with the continued active assistance of the libra- 
rians at Michigan. 

With characteristic generosity Professor Ziwet has made no conditions in 
regard to his gift. In consequence the duplicates will in all likelihood be used 
for exchange purposes to further strengthen the mathematical library. 

The permanent and increasing value of such collections is beyond dispute. 
Generations of students to come will have cause to be grateful to the collector, 
Alexander Ziwet, whose devotion to science is reflected in this munificent and 
enduring collection. 
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Revue de l Université de Bruzelles, 271. 

Revue de Mathématiques Spéciales, 35, 179, 320, 


Revue des Questions Scientifiques, 268. 

Revue Générale des Sciences, 35, 137, 179, 225, 
272, 320, 463. 

Revue Philosophique de la France et de l’ Etranger, 
225. 

Revue Scientifique, 134, 272, 320, 385, 463. 

School and Society, 83. 

School Science and Mathematics, 83, 137, 225, 
320, 386. 

Science, 35, 83, 138, 225, 272, 320, 386, 463. 

Science Progress, 83, 226, 386, 463. 

Scientia, 320. 

Scientific American, 226, 269, 320. 
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Scientific American Monthly, 83, 269, 320. 
Scientific Monthly, 35, 83, 226, 320, 386, 463. 
Scribner’s Magazine, 464. 

Sitzungsberichte der Heidelberger Akademie der 
Wissenschaften, Mathematisch-N aturwissen- 
schaftliche Klasse, Abteilung A. Mathe- 
matisch-physikalische Wissenschaften, 458. 

Sitzungsberichte der Preussischen Akademie der 
Wissenschaften, 316. 

Sphinz-Gdipe, 321, 458, 464. 

Technology Review, 386. 

Texas Mathematics Teachers’ Bulletin, 44, 83, 
272. 


Times, Literary Supplement, 83, 320. 

Téhoku Mathematical Journal, 85, 227, 464. 

Transactions of the American ' Mathematical 
Society, 35, 177, 227, 386. 
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Transactions of the American Philosophical 
Society, 459. 

Transactions of the Royal Society of South 
Africa, 227. 

U: a Bulletin, Louisiana State University, 


Unterrichtsblatter fiir Mathematik und Natur- 
wissenschaften, 138, 387. 

Washington University Studies, 379. 

Yale Alumni Weekly, 138. 

Zeitschrift fiir angewandte 
Mechanik, 380. 

Zeitschrift fiir Mathematik und Physik, 134. 

Zeitschrift mathematischen und naturwissen- 
schaftlichen Unterricht, 35, 85, 1388, 272, 
387, 464. 


Mathematik und 


RECENT PUBLICATIONS—AMERICAN DOCTORAL DISSERTATIONS. 


Arms, R. A., 465; Borden, R. F., 179; 
Bramble, C. C., 465; Bullard, J. A. 465; 
Cronin, Sarah E., Garretson, W. Van N., 
465; Hallett, G. H., Jr., 465; Hammond, E. 8. 
465; Hebbert, oF M., 465; ’ Hotz, H. G., 465; 
Kinney, J. M., 179; Lane, E. P., 465; Linton, 
Anne, 465; Linton, Elizabeth, 465; Mitchell, 
B. E., 465; Morse, H. C. M., 465; Mullins, 
G. W., 465; Murnaghan, F. D., 465; Mussel- 


MATHEMATICAL 


Alberta, of, 180-181. 
Albion College, 32 2-333. 
Baldwin-Wallace College, 276. 
Brown University, 87-88. 
California, University of, 324. 
Chicago, University of, 324-325. 
Connecticut College, 272-273. 
Fairmount College, 181. 
Goucher College, 274. 

Harvard University, 274-275. 
Hunter College, 387-389. 


man, J. R., 465; Price, H. F., 465; Ramler, 
O. J., 465; Rawlins, C. H., 465; Reynolds, 
C. N., 465; Rice, J. N., 466; Rider, P. R., 
466; Ritt, J. F., 466; Rouse, L. J., 179; 
Scarlett, A. J., 466; Simon, W. G., 179; 
Simpson, T. MeN., Jr., 179; Sousley, C. P., 
466; Stetson, J. M., 466; Stimson, Dorothy, 
466; Tyler, H. Png ” 466; Walsh, J. L., 466; 
Wilson, 466. 


CLUBS—ACTIVITIES. 


Johns Hopkins University, 181-182. 
Kansas, University of, 88. 

Kentucky, University of, 389-390. 
Minnesota, University of, 275. 
Rockford College, 275. 

Syracuse University, 390-391. 

Texas, University of, 275-276. 

Trinity College, 391. 

Washington and Jefferson College, 276. 
Wisconsin, University of, 391-392. 


MATHEMATICAL CLUBS—TOPICS FOR PROGRAMS. 


Finite geometries. 


U. G. MitcHELL, 85-87. 


PROBLEMS—NOTES. 


1. [Property of Feuerbach’s circle.] H. P. 
MANNING, 37 
2. [Skeleton division.] 
37-38. 
3. [History of a formula in trigonometry.] 
. C. ARCHIBALD, 38-39. 
4. [Spanish translation of a problem by Pro- 
fessor W. H. Echols], 90. 
> [An old problem from The Ladies Diary], 90. 
6. [Geometrical construction for the recipro- 
cals of integers.) O. Kiorz and R. C. 
ARCHIBALD, 90-91. 
7. [Note on problem 501 (Geometry)], 140. 
8. Perfect numbers. R. C. ARcHIBALD, 140- 
141. 
9. [a*? = = x, and Euler’s curve y* = 
R. C. ARcHIBALD, 141-143. 


R. C. ARCHIBALD, 


10. A curve of pursuit. R. C. ArcHIBALD, 
184-185. 

11. (Construction of a square circumscribing a 
quadrilateral]. R. C. ArcurBaLp, 185. 

12. Milner’s lamp. R. C. ArcuiBaup, 185- 
186. 

13. [A problem of trigonometry.] R. C. 
ARCHIBALD, 228. 

14. [A problem of trigonometry.] R. C. 
ARCHIBALD, 228-229. 

15. [Herbert Spencer and | mathematics. RC. 
ARCHIBALD, 229-23 


16. Skeleton division. 
17. Curves of pursuit. 
279 


RC. ARCHIBALD, 278. 
W. R. BALL, 278- 


18. Radius of the sphere circumscribing a tetra- 
hedron. R. C. ARCHIBALD, 279-281. 
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19. A curve of pursuit. A. H. Witson, 327. 

20. A problem in investment, 327-328. 

21. Involutes of a circle and a pasturage prob- 
lem. R. C. ARcHIBALD, 328-329. 

22. Huge numbers. R. C. ArcuIBALD, 393- 

394. 


23. The Wallace line and Wallace point, and 
some generalizations. R.C. ARCHIBALD, 
395-397. 

24. Problems discussed by Huygens. R. C. 
ARCHIBALD, 468-480. 


PROBLEMS—AUTHORS. 


Numbers refer to pages, black-face type indicating a problem solved and solution published, 
italics a problem solved but solution not published, ordinary type a problem proposed. 


Abrams, D. A., 326. 

Adams, O. S., 231. 

Agard, H. L., 147, 399. 

Altshiller-Court, N., 184, 277, 327, 467, 480, 
481. 

Anning, N., 147, 228, 230, 330, 332. 

Archibald, 91 (Remarks and historical 
notes), 281 (Remarks and historical a 
467 (2). See also Notes 2, 3, 6, 8, 9 
11, 12, 13, 14, 15, 16, 18, 21, 22, 23, 24 

Baker, R. P., 140, 397. 

Ball, W. W. R., see Note 17. 

Ballantine, J. P., 330, 467. 

Bareis, Grace M., 146, 147. 

Barnett, I. A., 228, 277. 

Barrow, D. F., 184. 

Bell, E. T., 90. 

Bennett, A. A., 277, 402. 

Berg, S. M., 147, 230. 

Bernstein, B. A., 

Biggerstaff, J., 14 

Bingley, G. A. 14. 

Blakslee, Ji¢ Ni. , 230, 231, 283, 284 (2), 399. 

Bradley, H. C., "147, 1 86. 

Bramble, C. C., 40. 

Brown, B. J., 145. 

Bullard, J. A., 139, 230. 

Cairns, W. D., 145, 481. 

ee P., 228, 231, 283 (Suggestion), 284, 

26 


Carleton, H. N., 147, 230, 284, 399. 

Clawson, J. W., 228, 392, 481. 

Cleland, W. E., 147. 

Colwell, R. C., 139. 

Corey, 8. A., 139, 398. 

Da Cunha, P. J., 284, 399. 

Dickson, L. E., 326. 

Dorb, S., 89. 

Downing, H. H., 399. 

Dresden, A., 230. 

Dunkel, O., 182 (The relation of caustics to 
certain envelopes), 190, 397. 

Echols, W. H., see Note 4. 

Escott, E. B., 89, 187, 284, 330, 330 (Solution 
and remarks). 

Ettlinger, H. J., 147. 

Finkel, B. F., 91, 184, 187. 

Foote, A. L., 91. 

Franklin, P., 184, 393. 

Frumveller, A. F., 146 (Discussion). 

Gaines, R. E., 144, 466, 467. 

Gibson, Emma M., 398. 

Gilman, R. E., 468. 

Ginnings, R. M., 284, 399. 

Gronwall, T. H., 231, 232. 

Grove, , 147. 


Gummer, C. F., 467 (2), 468. 

Gundersen, C., 284. 

Halperin, H., 284. 

Hammond, E. 8., 230. 

Hancock, H., 326, 327 (2). 

Harding, A. M., 230, 284. 

Hathaway, A. = “ 91, 93, 281 (Remarks). 

Hays, W. H., 

Hazlett, Olive ‘147, 231. 

Hoar, R. 8. ., 89. 

Hoover, W., 190. 

Hoskins, L. M., 400. 

Huntington, E. V., 399. 

Isaacs, C. A., 146. 

Jackson, T. W., 326. 

Kenyon, A. M., 284, 392. 

Klotz, O., see Note 6. 

Knisely, A., 145, 147 

Kreth, D., 326. 

Lambert, W. D., 36, 139. 

Lamont, R., 284. 

Levy, H., 284. 

Lewis, Florence P., 393. 

Lindquist, T., 284. 

McCain, Gertrude, 146. 

McGregor, R. T., 184. 

MecNatt, J. Q., 147. 

MacNeish, H. F., 284. 

Mange, C. E., 399. 

Manning, H. P, , 40, 91 (Remarks and historical 
notes), 281 (Remark), 281 (Remarks and 
historical notes). See also Note 1 

Martin, A., 277. 

Mathews, R. M., 184. 

Mathewson, L. C., 145, 284 (2). 

Mills, C. N., 147, 228, 230, 231, 277, 283. 

Mitchell, U. G., 230, 284. 

Moore, E. H., 139, 481. 

Moritz, R. E., 283. 

Morley, F. V., 393, 481. 

Nauer, A. R., 147, 283. 

Noble, C. A., 144. 

Oglesby, E. J., 89, 146, 146, 230, 231, 330, 332. 

Olson, H. L., 144, 146 (2), 147, 280, 283, 284 (2), 
$30, 399, 481. 

O’Shaughnessy, L., 284, 399. 

Pandya, N. P., 146, 277, 392. 

Pelletier, A., 145, 146 (2), 230, 281, 284 (2), 
332, 399, 481. 

Pierce, W. B., 284. 

Post, E. L., 184. 

Raynor, G. E., 277. 

Reece, R. 1: 14 47 

Rey nolds, J. B., 89, See, 399. 

Richardson, A. 

Richardson, A. 399, 481. 
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Richert, D. H., 36, 283, 284. 
Rider, P. R., 283. 

Riley, J. L., 37, 146, 147, 230, 330, 332. 
Roa, E., 147 

Rosenbaum, J., 190. 

Scheffer, J., 91. 

Schmall, C. N., 392, 398, 398. 
Sebban, H., 

Simpson, T. 393. 
Smith, M. M., 

Sousley, C. 145, 23 
Spunar, V. M., 327 

C. E., 231 
Stroms, J. 8., 326. 

Swift, E., 232, 277, 283, 481. 


Uhler, H. S., 39, 89, 147, 187 (Solution and 
remarks), 230, 231, 284. 

Walsh, J. L., 480. 

Warne, W. R., 230. 

Warner, W. W., 147 

Weaver, J. H., 399. 

Weaver, W., 36, 230. 

Weisner, L., 330. 

Weld, L. G. , 36 @), 139, 227, 329, 482. 

W hitford, E. E. 

Wilmer, F. L., 482. 

WwW illmott, Etheldred, A., 284. 

Wilson, A. H., see Note 19. 

Winger, R. M., 37. 

Wunder, C. N., 147. 

Wylie, C. C., 230, 284 (2), 332, 402. 


PRGBLEMS—SOLUTIONS. 


Numbers in black race type refer to problems, those in light-face to pages. 


Algebra, 417, 39. 

Calculus, 19, 91; 160, 91; 273, 91. 

Geometry, 501, 140; 499, 480. 

2719, 397; 2783, 40; 2791, 143; 2792, 145; 
2793, 146; 2796, 146; 2797, 146; 2799, 
186; 2800, 230; 2801, 54, 91, 281; 2802, 


230; 2804, 231; 2805, 283; 2806, 283; 
2809, 329; 2811, 330; 2812, 398; 2814, 
481; 2819, 187; 2822, 284; 2823, 398; 
2838, 399; 2843, 481; 2863, 371, 402; 
2896, 482. 


NOTES AND NEWS. 


Academies, Associations, Congresses, Societies, 
etc.: Academy of Sciences of the Institute 
of France, 218, 238, 288, 289, 337; Amer- 
ican Academy of Arts and Sciences, 337; 
American Association for the Advance- 
ment of Science, 149, 151, 192, 239, 288; 
American Astronomical Society, 406; 
American Mathematical Society, 44, 97, 
149, 192, 193, 238, 240, 289, 290, 292, 
337, 338, 406; American Philosophical 
Society, 288, 289, 337; Association of 
Mathematics Teachers of New Jersey, 337; 
Association of Teachers of Mathematics in 
the Middle States and Maryland, 338; 
Association of Teachers of Mathematics 
in New England, 44, 239, 240, 289, 338; 
Benares Mathematical Society, 191; In- 
land Empire Council of Teachers of Mathe- 
matics, 288; Inland Empire Teachers’ 
Association, 288, 336; Institute of Inter- 
national Education, 383; International 
Commission on the Teaching of Mathe- 
matics, 379; London Mathematical So- 
ciety, 289; Mathematical Association of 
America, 97, 149, 238, 292; Mathematics 
Club of St. Louis, 336; Missouri Society 
of Science and Mathematics Teachers, 239; 
National Academy of Sciences, 44, 288, 
289; National Association of German 
Mathematical Societies and Clubs, 338; 
National Council of Teachers of Mathe- 
matics, 149, 288; National Research Coun- 
cil, 151, 238, 288, 336, 382; Nebraska State 
Teachers Association, 239; New York 
State Teachers Association, 239, 338; 
Providence Engineering Society, 405; 
Royal Institution of Great Britain, 336; 
Royal Society of Canada, 406; South- 


western Michigan Association of Teachers 
of Mathematics and Science, 337; Stras- 
bourg Congress of Ms ithematicians, 238; 
Twin Cities Mathematical Club, 337; 
Virginia State Teachers’ Associ tion, 44: 
Washington State Educational Associa- 
tion, 239. 

Colleges, Technical Schools and Universities: 
Brown, 97; Bryn Mawr, 383; Chicago, 
241; Colorado, 291; Columbia, 194; 
Cornell, 151, 241, 287; Ecole Polytech- 
nique, 288; Harvard, 194; Illinois, 242; 
Iowa, 242; Massachusetts Institute of 
Technology, 291, 336; Michigan, 242; 
Minnesota, 336; Nebraska, 288; North- 
western, 149; Oklahoma, 242; Pennsyl- 
vania, 232; Princeton, 383; Rome, 406; 
U. 8. Naval Academy, 241; University 
of Washington, 241; Wisconsin, 291; 
Yale, 337. 

Doctorates in Mathematics, 44, 151, 221. 

Mathematical library of Adolph Hurwitz, 44. 

Prizes: Academy of Sciences of the Institute of 
France (Loutreuil Foundation), 218; Amer- 
ican Association for the Advancement of 
Science (Research grants), 288; American 
Field Service Fellowships for French 
Universities, 44, 191, 406; American 
Mathematical Society, ’ (Bécher Memorial 
Fund) 150 and 192, (Cole Fund) 192; 
Cambridge University (Smith’s prizes), 
405; Cornell University (Heckscher Foun- 
dation), 287, 383; Johns Hopkins Univer- 
sity (Sylvester prize), 383; Royal Society 
of London (Royal medal), 44, 152; Scien- 
tific American (Einstein prize), 191. 

Summer Courses, 194, 241, 242, 291. 

Ziwet Collection, 484. 
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[In order to find a complete list of references to any individual, the alphabetical lists under 


“Papers, Reports of Meetings—Authors,” 
Publications—Reviews,” 


Abbott, C. G., non Abetti, G., 134; Abrich, 
G. F., 403; Adams, A. 8. , 42; Adams, C. a 
351; Adams, E. P., 191; Adams, O. 155, 
293, 295, 319, 411; Ahrens, W., 319; Albtecht 
S., 288; Albright, G. H., 349; ’Alderton, Nina, 
324; Aldrich, F. D., 462; Aldrich, M., 108; 
Alexander, J. W., 35, 44, 338; Alger, P. L., 
222; Allan, J. A., 181; Allen, E. 8., 333; 
Allen, Florence, 392; Allen, R. B., 293; Allen, 
Stella M., 235; Alter, D., 45, 88; Altshiller- 
Court, N., 178, 242; Anderson, C., 323; 
Anderson, Sophie, 276; Anderson, W. E., 293; 
Andrew, T., 234, 349; Andrews, A. C., 45, 239; 
Andrews, Anna H., 105; Angel, W. B., 390; 
Angell, J. R., 337; Anning, N., 43; Appell, P., 
134; Archibald, R. C., 87, 97, 109, 321, 336, 
351, 354, 361, 461; Arleigh, Mabel W., 83; 
Armentrout, W. E., 389, 390; Armstrong, 
Beulah, 483; Armstrong, G. N., 293, 294; 
Armstrong, P. L., 286; Arnaud, J. J., 155, 411; 
Arndt, W. F. C., 349; Arnold, C. L., 293; 
Arnold, Katherine S., 99, 333; Arnold, P., 335; 
Aronoff, Dora, 388, 389; Ashenden, Barbara, 
273; Ashmun, R. N., 155, 411; Ashton, C. H., 
153, 154, 155; Atchison, C. S., 276; Aude, 
T. R., 97; Austin, C. B., 293; Austin, C. M., 
224; Avers, H. G., 411; Avery, Louise, 273; 
Aylesworth, Evelyn, 324; Azcdrate, D. T. de, 
286. 

Bacon, Agnes, 274; Bacon, Clara L., 155, 
351, 354, 356; Bader, H. C., 384; Bagby, 
L. C., 234, 361; Bagnera, G., 406; Baidaff, 
Bailey, KE. A., 349; Bailey, Mary, 
388; ’Bailey, S. I., 233, 483; B: aker, R. P., 99, 
240, 242, 272; Ball, W. W. R., 222, 349: 
Ballantine, J. P., 105, 402; Bareis, Grace M., 
293; Barn: ard, E. E., 463; Barnard, F. P., 178; 
Barnett, I. A., 228, 351; Barney, Ida, 235, 351; 
Barrett, A. J., 361; Bartlett, Nellie, 324; 
Barton, R. M., 414; Basye, P. E., 105; Batch- 
elder, P. M., 272; Bateman, H., 32, 33, 35, 
83, 187, 289, 318, 385, 404, 405; Bauer, L. A., 
99, 289, 406; Baulch, E., 389; Bauschinger, 
J., 31; Beal, F. W., 242; Beal, W. O., 414; 
Beall, Sarah, 155, 411; Beaman, J. P., 233; 
Beams, J., 181; Beatley, R., 462; Beatty, 
E. B., 349; Becker, G. A., 234; Beckwith, 
W. S., 293, 403; Bedell, F., 225; Belcher, A. 
W., 337; Bell, E. T., 32, 82, 137, 222, 227, 290, 
319, 387, 459, 464; Bellamy, B. C., 349; 
Beman, W. W., 242: Benedict, SS 134, 
225, 464; Benedict, Suzan R., 351; Bennett, 
A. A., 44, 87, 97, 99, 104, 108, 109, 155, 156, 
157, 192, 293, 294, 296, 351, 354, 361, 362, 411, 
412, 414; Bennett, R., 285; Bernard, J. M., 34; 
Bernstein, B. A., 222, 324; Berry, A., 461, 462; 
Berry, E. M., 42, 105; Betz, W., 149, 224, 239, 
338; Beutel, E., 384; Biles, J. H., 234; _ 
E. G., 332, 337, ’351, 354, 356; Bingley, G. J 
155, 411; ‘Birkhoff, G. D., 191, 193, 194, 238° 


“Questions and Discussions—‘ Authors,” “Recent 
Ree ent Publications—N otes—Books,”’ 
ican Doctoral Dissertations, ’ and “Problems—Authors” should also be consulted. ] 


“Recent Public: ations— Amer- 


240, 288, 289, 338, 351, 360, 405; Biscoe, 
Dorothy, 274; Black, Florence, 153; Black, 
Harold, 322, 323; Blair, T. A., 83; Blair, Vevia, 
99, 351; Blaschke, W., 379; Bless, A. I., 235; 
Blichfeldt, H. F., 288, 289, 290; Bliss, G. A., 
97, 99, 101, 239, 288, 351, 352, 354, 359; 
Block, Sarah, 388; Blodgett, Rachel, 332; 
Blumberg, H., 99, 104, 105, 178, 240, 241, 290; 
Alice, 273; Bohannan, R. 293: 
Boldt, C., 294, 296; Bollenbeck, W., 235; 
Bolten, 191, 192, 320; Bolza, 101, 288: 
Bonar, P., 276; Bond, J. D., 403; Bond, O. J., 
234, 349; Boothroyd, S. L., 42; Borden, R. F., 
177; Borel, E., 105, 337, 405; Borger, R. L., 
44, 319; Boring, E. G., 35, 138; Boutroux, P., 
81; Bowden, J., 337; Boyd, P. P., 99, 389, 
390, 409, 410; Boyle, R. W., 180; Bradley, 
H. C., 319; Bradshaw, J. W., 242; Brahana, 
H. R., 44; Bramble, C. C., 155, 156, 157, 411; 
Branson, J. W., 403, 409, 410; Brant, Ruth, 
324; Brasch, F. E., 99, 138, 320, 463; Brashear, 
J. A., 82; Breasted, J. H., 149; Brecke nridge, 
W. E., 149, 385; Brees, Donice, 181; Breit, 
G., 182; Brendel, M., 79; Bre nke, W. C., 239; 
Breslich, E. R., 82, 149, 224: Brigham, Ze Pt 
351; Brink, R. W., 275; Brinkman, H. W., 
334; Brooks, Florence M., 462; Brooks, W. R., 
334, 462; Brown, B. H., 274, 351; Brown, E. 
4., 243; Brown, E. W., 31, 79, 82, 238, 288, 
337, 384, 386, 406; Brown, Frances, 181; 
Brown, J. C., 149, 336, 384; Brown, Marie, 88; 
Brown, Mildred, 274; Brown, P. M., 87; 
Brown, V. W., 101; Browne, E. T., 325, 333, 
361; Bruce, R. E., 351; Brunn, A. v., 31; 
Brush, C. F., 289; Bryant, F. N., 235; Buck- 
ingham, R. B., 320; Buffington, R., 88; Bull, 
A., 463; Bullard, J. A., 155; Bumstead, H. A., 
149, 320; Burch, Ethel, 272; Burgess, R. W., 
31, 87, 193, 222, 240; Burke, Jean, 274; Burn- 
ham, 8. W., 236, 320, 463; Burrell, Julia A., 
361; Burrows, W. R., 361; Bush, Edith L., 
236; Bush, V., 82; Bussey, W. H., 109, 275, 
337, 414; Butts, W. H., 43; Byerly, W. E., 221. 

Cain, W., 42; Cairns, W. D., 99, 152, 238, 
293, 295, 351, 353, 361; Cajori, F., 32, 80, 97, 
99, 101, 104, 109, 136, 138, 149, 178, 223, 225, 
226, 240, 270, 272, 290, 319, 321, 337, 386, 
457, 463; Caldwell’ Minnie W., 45; Calhoun, 
J. W., 105, 134, 225, 464; Calkins, Helen, 333; 
Camp, B. H., 338, 349, 351; Camp, C. C., 483; 
Campbell, Gladys-Mary, 324; Campbell, J. W., 
285; Campbell, Mary, 272; Campbell, W. W., 
272, 288, 463; Canaday, E. F., 235; Candy, 
A. L., 239, 268; Cannon, Annie J., 336; 
Caparo, J. A., 99; Capron, P., 155, 411: 
Carathéodory, C., 135; Caris, A. G., 293; 
Caris, V. B., 293; Carlen, Mildred E., 361, 
485; Carmichael, R. D., 32, 81, 97, 99, 
109, 220, 222, 226, 271, 319, 320, 384, 
385; Carpenter, R. H., 105, 153; Carr, 
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E. L., 361; Carr, i’. E., 333, 351; Carter, C. C., 
99; Carter, May B., 88, 332; Carver, H. C., 
242; Carver, W. B., 32, 193, 241; Castelnuovo, 
G., 406; Cattell, J. McK., 225; Chace, A. B., 
351; Chambers, G. G., 332; Chandler, Eva, 
285; Chapman, Margaret F., 361; Cheney, 
W. F., Jr., 79; Chepmell, C. H., 349; Child, 
J. M., 32; Chittenden, E. W., 32, 99, 240, 242; 
Church, E. F., 361; Clark, Helene, 324; Clark, 
J. E., 188, 148; Clark, J. R., 149; Clark, Mrs. 
T., 332; Clarke, E. H., 293; Clawson, J. W., 
351; Clements, G. R., 155, 156, 411; Cleve- 
ae, C. M., 105; Clifton, R. B., 237; cnetes, 
M., 402; Cobb, H. E., 99; "Coble, A ~ Bes 
32, 270, 290; Cohen, A., 155, 156, 182, 291, 
411, 412, 413; Cohen, Mamie, 324; Cohen; 
Teresa, 233} Coit, J. B., 483; Coit, W. A. , 483; 
Cole, F. , 97, 138, 149, 178, 192, 459; Cole, 
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ADDENDA AND 


P. 34, 1. 20, for “482” read “482.” 

P. 43, 1. 11 from bottom, for “in August”’ read 
“ August 3.” 

P. 50, lL. 12, for “Figure 1, Q, shows” read 
“Figure 1 shows Q.” 

P. 55, 1. 18, for “Fig. 4” read “Fig. 1.”’ 

P. 80. 1. 3, for “133-144” read “133-134.” 

P. 80, for footnote 2 read “Such a work, Ex- 
ponentials made Easy by M. E. J. Gheury 
DeBray, was published in 1921.” 

P. 82, 1. 5, for “tome 2” read “tome 5.” 

P. 82, 1. 6, for “349-271” read ‘‘ 249-271.” 

P. 91, l. 10 from bottom, for “ Bourger”’ read 
“ Bouguer.” 

P. 185, 1. 16 from bottom, for “quadrilatered”’ 
read “ quadrilateral.”’ 

P. 191, 1. 7 from bottom, for “ Englishmen” read 
“ Britishers.”’ 

P. 192, |. 12 from bottom, for “has” read 
“have.” 

P. 206, 1. 3 from bottom, for “1883” read 
“1888.” 

P. 219, L 4, for “effected.—There” read 
“effected. There.” 

P. 219, 1. 5, for “libraries. The” read “‘li- 
braries.—The.” 

P. 225, |. 10, delete ““PURES ET APPLIQUES.” 

P. 267, ll. 2-3, add: “Legendre gave the same 
table (without first, second, and third 
differences) in his Ezercices de Calcul 
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G. W. L., 287; Thaer, A. W. A., 335; Thomae, 
J. K., 336; Versluys, Jan, 381; Weber, R. H., 
43; Wentworth, G., 404; Whitney, Mary W., 
236; Young, Anna I., 404. 


CORRIGENDA. 


Intégral, volume 1, Paris, 1811, pp. 302- 
306.” 

P. 282, 1. 18 from bottom, for “Captain” read 
“Lieutenant Colonel.” 

P. 284, ll. 18-19, interchange “2!” and “26” 
at end of lines. 

P. 284, Ll. 3 from bottom, for “ Matrurews”’ read 
“ MATHEWSON.” 

P. 288, 1. 27, for “KeNELLY” read Ken- 
NELLY.” 

P. 325, L 3 from bottom, for “or” read “on.” 

P. 332, 1. 9 from bottom, for “R.” read “‘F.”’ 

P. 332, delete 11. 24-25 regarding W. A. WiLson. 

P. 356, |. 7 from bottom, for “this” read 

his.” 

P. 375, 1. 17, for “ By [r/2] is meant the largest 
integer in r/2.”" read “‘ By [2x] is meant the 
largest integer in x.”’ 


“ 


1920. 


P. 431, L 4 from bottom should be a footnote by 
the Editor, referring to “‘solutions,” 1. 6 
from bottom. 

Agnis is spelled incorrectly as Agins and Aguis, 
and Dantzig as Danzig. See Index. 


1919. 


P. 359, L 2 from bottom, for “the actual was 
needed”’ read “ the actual tool was needed. 
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Robbins’s New Solid Geometry 


By EDWARD RUTLEDGE ROBBINS. 216 pages. 


HIS book is not only the outgrowth of the author's 
long experience in teaching geometry, but has 


| profited further by suggestions from teachers who have 


; used Robbins’s “Solid Geometry, and by the recom- 


mendations of the ‘‘ National Committee of Fifteen.’ 


Some of its strong points are:— 


1. Each exercise can be solved and demonstrated indepen- 


dently without the use of any other exercises. 
. The diagrams are unusually excellent. 


. The shaded cuts are strikingly original and superior. They 
will help the most unimaginative student to visualize the 


figures, and to form clear and definite conceptions. 


. The interesting prismatoid formula is clearly established and 


applied. 


. The propositions from plane geometry that are used in the 
demonstration of solid geometry are summarized in the be- 


ginning of the book. 
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